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INDECOMPOSABLE DECOMPOSITION OF TENSOR 
PRODUCTS OF MODULES OVER DRINFELD DOUBLES OF 

TAFT ALGEBRAS 

HUI-XIANG CHEN, HASSEN SULEMAN ESMAEL MOHAMMED, AND HUA SUN 


Abstract. In this paper, we study the tensor product structure of category of 
finite dimensional modules over Drinfeld doubles of Taft Hopf algebras. Tensor 
product decomposition rules for all finite dimensional indecomposable modules 
are explicitly given. 


1. Introduction 

Representations of a Hopf algebra (up to isomorphism) form a ring, called Green 
ring, in which the multiplication is given by the tensor product over the base field, 
and this ring is a commutative ring in the case of the Drinfeld double and any 
quasitriangular Hopf algebras. The tensor product of representations is an impor¬ 
tant ingredient in the representation theory of Hopf algebra and quantum groups. 
In particular, the decomposition of the tensor product of indecomposable modules 
into direct sum of indecomposables has received enormous attention. 

However, in general, very little is known about how a tensor product of two in¬ 
decomposable modules decomposes into a direct sum of indecomposable modules. 
There are some results for the decompositions of tensor products of modules over a 
Hopf algebra or a quantum group. Premet [25) dealt with finite dimensional inde¬ 
composable restricted modules for restricted simple 3-dimensional Lie algebra over 
an algebraically closed field of characteristic p > 2, and studied the decomposition 
of tensor product of such modules. Witherspoon [35] studied the Drinfeld double 
of a finite dimensional group algebra in positive characteristic. She proved that the 
Green ring of the Drinfeld double of a group algebra decomposes as a product of 
ideals associated to some subgroups of the original group. Gibils [12] determined all 
the graded Hopf algebras on a cycle path coalgebra (which are just equal to the gen¬ 
eralized Taft algebras (see [9] [151 [26l [ST])), and consider the decomposition of the 
tensor product of two indecomposable modules (see also M)- Moreover, Gibils also 
computed the Green ring of the Sweedler 4-dimensional Hopf algebra by generators 
and relations. Hondo and Saito gave the decomposition of tensor products of mod¬ 
ules over the restricted quantum universal enveloping algebra associated to sl 2 in 
m- Zhang, Wu, Liu and Ghen [33] studied the ring structures of the Grothendieck 
groups of the Drinfeld doubles of the Taft algebras Hn{q). Recently, Ghen, Van 
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Oystaeyen and Zhang m computed the Green rings of Taft algebras Hn{q), us¬ 
ing the decomposition of tensor products of modules given by Cibils [12]. Li and 
Zhang m computed the Green rings of the generalized Taft algebras. When n = 2, 
the Taft algebra H 2 {—\) is exactly the Sweedler’s 4-dimensional Hopf algebra 
(see [301 [SD). Chen 0 gave the decomposition of tensor products of modules over 
D{H 4 ) and described the Green ring of D{H 4 ). 

We defined a Hopf algebra by generators and relations in [4] (see the 

next section), which is isomorphic to the Drinfeld double of a Taft algebra Hn{q). 
We also determined all finite dimensional indecomposable modules over Hn{l,q) 
in 0112]. Taft algebras belong to the class of biproduct of Nichols algebras as 
well as “rank one nilpotent type” algebras. The presentation of Drinfeld doubles of 
rank one pointed Hopf algebras by generators and relations is given in [18] , and for 
general biproduct of Nichols algebras in [28] . The Drinfeld doubles of Taft algebras 
are examples of liftings of quantum planes, whose simple modules, projective covers, 
primitive idempotents, blocks and quivers are described in m- Erdmann, Green, 
Snashall and Taillefer m studied the representations of the Drinfeld double of the 
generalized Taft algebras, and determined the decompositions of the tensor products 
of two simple modules. They also described the non-projective summands of the 
tensor products of some other modules, but the projective summands of these 
tensor products are not described. A natural question is how to determine the 
decomposition of tensor product of two indecomposable modules over the Drinfeld 
doubles of the (generalized) Taft algebras. 

In this paper, we investigate the indecomposable decompositions of the tensor prod¬ 
ucts of indecomposable modules over the Drinfeld doubles iL„(l, q) of the Taft alge¬ 
bras Hn{q) for n > 2. The paper is organized as follow. In Section |21 we recall the 
structure of Hn{l, g), its relation with the small quantum groups and the classifica¬ 
tion of the indecomposable modules over iJ„(l,q). In SectionjS] we investigate the 
tensor product of a simple module with an indecomposable module over iL„(l, q), 
and decompose such tensor products into a direct sum of indecomposable mod¬ 
ules, where the decompositions of the tensor products of simple modules are known 
from Em. In Section 0] we investigate the tensor product of an indecompos¬ 
able projective module with a non-simple indecomposable module, and decompose 
such tensor products into a direct sum of indecomposable modules. In SectionjS] 
we investigate the tensor products of non-simple non-projective indecomposable 
modules, and decompose such tensor products into a direct sum of indecomposable 
modules. 


2. Preliminaries 

Throughout, we work over an algebraically closed field k. Unless otherwise stated, 
all algebras, Hopf algebras and modules are defined over k; all modules are left 
modules and finite dimensional; all maps are fc-linear; dim and (8> stand for dim^ 
and (8>fe, respectively. For the theory of Hopf algebras and quantum groups, we 
refer to [MIllISS]. For the representation theory of finite dimensional algebras, 
we refer to [5]. Let Z denote all integers, and Z„ = Z/nZ for an integer n. 


2.1. Module categories and duality. 
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For a finite dimensional algebra A, let modA denote the category of finite dimen¬ 
sional A-modules. For a module M in modAl and a nonnegative integer s, let sM 
denote the direct sum of s copies of M. Then sM = 0 if s = 0. Let P{M) and 
I{M) denote the projective cover and the injective envelope of M, respectively. 
Let \{M) denote the length of M, and let rl(M) denote the Loewy length (=radical 
length=socle length) of M. 

Let H he a finite dimensional Hopf algebra. Then modiJ is a monoidal category 
[l6l [23] . If iJ is a quasitriangular Hopf algebra, then M N = N ^ M for any 
iL-modules M and N. It is well known that the Drinfeld double D{H) of a finite 
dimensional Hopf algebra H is always symmetric (see miMiiiT]). For any module 
M in modiJ, the dual space M* = Hom(M, k) is also an iL-module with the action 
given by 

(h ■ /)(m) = f{S{h) • m), h e / € M*, m G M, 
where S is the antipode of H. It is well known that (M (g) N)* = N* ig) M* for any 
H-modules M and N. If H is quasitriangular, then S'^ is inner, and so M** = M 
for any M G uiodH (see [22]). In this case, this gives rise to a duality (—)* from 
modH to itself. 


2.2. Drinfeld doubles of Taft algebras and small quantum groups. 


The Drinfeld doubles of Taft Hopf algebras and their finite representations were 
investigated in [SlElEllT]. The representations of pointed Hopf algebras and their 
Drinfeld doubles were also studied in [19]. The Drinfeld doubles of Taft algebras 
are closely related with small quantum groups. 

First assume that g G fc is an primitive root of unity, n ^ 2. The Taft Hopf 
algebra Hn{q) is generated by two elements g and h subject to the relations (see 

ED): 

5" = 1, /i" = 0, gh = qhg. 

The coalgebra structure and the antipode are determined by 

A(g) = g®g, A{h) = h(^g + l(Sih, e{g) = l, 

e{h) = 0, S{g) = g-^ = g^-\ S{h) =-q-^ g^-^h. 

Note that dimiL„(g) = n^, and {g^h^\0 ^ i,j ^ n — 1} forms a fc-basis for Hn{q). 
When n = 2, H 2 {q) is exactly the Sweedler 4-dimensional Hopf algebra. The 
Drinfeld double D{Hn{q)) can be described as follows. 

Let p £ k. Then one can define an n'^-dimensional Hopf algebra iL„(p, g), which is 
generated as an algebra by a, b, c and d subject to the relations: 


ba = qab, db — qbd, ca = qac, dc = qcd, be = cb, 

a" = 0, 6" = 1, c" = 1, d" = 0, da — qad = p{l — be). 

The coalgebra structure and the antipode are given by 


A(a) = a(g6-|-l(ga, £(a) = 0, 
A(5) = 6 (g 6, e(6) = 1, 

A(c) = c(gc, £(c) = 1, 

A(d) = d®c-|-l®(i, e{d) = 0, 


S{a) = -ab-^ = -ab^-^ 
S{b) = b-^ =5"-i, 

S{c) = c-i = 

S{d) = -dc-^ = -dc^-^ 
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Hn{p,q) has a /c-basis {a^b^d'd’^\0 ^ i,j,l,k < n — 1}, and is not semisimple. If 
p ^ 0, then Hn{p,q) is isomorphic to D{Hn{q)) as a Hopf algebra. In particular, 
we have Hn{p, q) = Hn{l, q) = D{Hn{q)) for any p 7 ^ 0. For the details, the reader 
is directed to HIS]. When n = 2 and p = 0, Fl 2 ( 0 , q) is exactly the Hopf algebra A 

in pp] . 

Next assume that g € A: is an primitive root of unity with m > 2. Let Uq be 
the quantum enveloping algebra Uq(si 2 ) of Lie algebra SI 2 described in [16]. Then 
Uq is a Hopf algebra. Let n = m if m is odd, and n = ^ if m is even. Let / be 
the ideal of Uq generated by FI”, F’^ and iF” — 1. Then / is a Hopf ideal of Uq, 
and hence one gets a quotient Hopf algebra Uq := Uq/I, the small quantum group. 
Note that q"^ is an primitive root of unity. Hence one can form a Hopf algebra 
iF„(l, q^) as above. Then a straightforward verification shows that there is a Hopf 
algebra epimorphism (j) : Hn{l,q^) — >■ Uq determined by (see [TJ Proposition 4.5]) 


(j){a) = E, (j){b) = K, (j){c) = K, (j){d) =q '^{q-q '^)FK. 


Let C be the group of central group-like elements in iF„(l,g^). Then Ker((()) = 


{kC)^Hn{l,q^). Moreover, iF„(l,g2) = A:C'®iF„(l, g^)/(fcC')+iF„(l, = kC®Uq 


as algebras if n is odd. Chari and Premet in |3] worked out all indecomposable 
modules for Uq when m is odd. Hence the indecomposable modules over Hn(A,q^) 
can be induced from those over Uq for any odd n. Note that Suter worked out all 
indecomposable modules for a slightly different version of Uq in [29] . 

2.3. Indecomposable modules over iF„(l,g). 

Let J := rad(iF„(l,q)) stand for the Jacobson radical of iF„(l,g). Then = 0 
by [a Corollary 2.4]. This means that the Loewy length of Hn{l,q) is 3. In 
order to study the tensor products of modules over Hn{l,q), we need first to give 
the structures of all finite dimensional indecomposable iF„(l, q)-modules. We will 
follow the notations of [3. Unless otherwise stated, all modules are modules over 
iF„(l, q) in what follows. 

From [a, we know that the socle series and the radical series of an indecompos¬ 
able module coincide. We list all indecomposable modules according to the Loewy 
length. There are A simple modules up to isomorphism. 

Simple modules: V{l,r), 1 ^ I ^ n, r G Z„. V{l,r) has a standard fc-basis 
{ui|l < i < Z} such that 



bvi = ^Vi, 1 ^ i ^ I, cvi = q^ ’"Vi, 1 ^ i ^ I 


where ai{l) = {i)q{l — g* *) for 1 < z < Z < n. The simple modules V{n,r), r G Z„, 
are projective and injective. 

Projective modules of Loewy length 3: Let P{1, r) be the projective cover of U(Z, r), 
1 < Z < n, r G Z„. Then P{l,r) is the injective envelope of V{l,r) as well. P{l,r) 
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has a standard fc-basis {rJi|l ^ ^ 2n} such that 


bvi = 


avi = 


r+z—1 




Vi+i, l^i<n or n + l^i< 2n, 
0 , i = n or 2n, 


1 ^ z ^ n, 
n + 1 ^ z ^ 2n, 


A — l—r^ 




1 ^ Z ^ 7Z, 
rz + 1 ^ z ^ 2rz, 


'^V2n-l+i-l, 

q'^-'^V2n-i+i-i + ai-i(l)vi-i, 
i(zz 

0 , 

cri—n—i{ri V)Vi—\^ 


Moreover, we have (see [3) 


I = 1 or Z + 1, 

1 < z < 

Z + 1 < z ^ rz, 
z = n + l or 2n — I + 1, 
n + \ < i ^2n — I, 

27z — Z + 1 < z ^ 2n. 


socP{l,r) = rad^P(Z,r) = P{l,r)/radP{l,r) = P{l,r)/soc^P{l,r) = V{l,r), 
soc^P{1, r)/soc(P(Z, r)) = radP(Z, r)/rad^P(Z, r) = 2V{n — l,r + 1). 


For non-isomorphic indecomposable modules with Loewy length 2, we list them 
according to the lengths and the co-lengths of their socles. We say that an inde¬ 
composable module M with rl(M) = 2 is of (s,t)-type if l(M/soc(M)) = s and 
l(soc(M)) = t. By [7], if M is of (s,t)-type, then s = t + 1, or s = t, or s = t — 1. 
Note that M is a string module for s = t + 1 and s = t — l;Misa band module 
for s = t. 

String modules: The indecomposable modules of (s -I- l,s)-type are given by the 
syzygy functor 17. Let V{l,r) be the simple modules given above, 1 ^ Z < zz, r G Z„. 
Then the minimal projective resolutions of V{l,r) are given by 

•••—>■ 4P(rz — l,r + 1) ^ SP{1, r) —>■ 2P{n — l,r + 1) P{1, r) —>■ F(Z, r) —0. 

By these resolutions, one can describe the structure of n^V{l,r), s > 1 (see [7]). 
The string module 17®14(Z,r) is of (s -I- l,s)-type. The indecomposable modules of 
(s, s -f l)-type are given by the cosyzygy functor 17“^. For 1 ^ Z < zi and r G Z„, 
the minimal injective resolutions of V{l,r) are given by 

0 ^V{l,r) —>• P{l,r) —!> 2P{n — l,r + 1) ^ SP{l,r) —4P(n — Z, r -|- Z) —5> • • • . 

By these resolutions, one can describe the structure of n~^V{l,r), s > 1 (see [7]). 
The string module (Z, r) is of (s, s + l)-type. 

Let 1 ^ I < n, r € Tin and s ^ 1. If s is odd, then we have 

soc(r7'*t4(Z,r)) = 17“®t4(Z,r)/soc(17“'’F(Z,r)) = sV{l,r), 
soc{fl~'^V{l,r)) = r7'*F(Z,r)/soc(17®t4(Z,r)) = (s -I- l)V{n — l,r + 1). 

If s is even, then we have 

soc(r7®I/(Z,r)) = 17“®y(Z,r)/soc(f7“®I/(Z,r)) = sV{n — l,r + Z), 
soc(17-W(Z,r)) ^17W(Z,r)/soc(17W(Z,r)) ^ {s + l)V{l,r). 
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Band modules: The indecomposable modules of (s, s)-type can be described as 
follows. Let be the projective 1-space over k. P^(fc) can be regarded as the 

set of all 1-dimensional subspaces of k^. Let oo be a symbol with oo 0 fc and 
let fc = fc U {oo}. Then there is a bijection between k and P^(A:): a -k(a, 1), 
oo !->• L(1,0), where a £ k and L{a,f3) denotes the 1-dimensional subspace of k'^ 
with basis (q!,/ 3) for any 0 ^ (q!,/3) € k^. In the following, we regard P^(fc) = k. 


If M is of (s, s)-type then M = Ms(Z, r, rj), where I < Z < n, r S and rj € P^(A:) 
(see H)- The indecomposable module Mi{l,r,oo), 1 ^ I < n, r £ has a 
standard basis {vi,V 2 , ■ ■ ■ ,Vn} such that 





f Vn, 


i = 

1 , 



( 0, i = n — 1 01 n, 

dvi = < 

1 a^-i{n 


1 < 

i < 

n — 1, 

avi 

= < 






1 Ui+i, otherwise , 


1 


i = 

n — 

Z -|- 1, 



\ 



n — 

1 + 

1 < z ^ n 

bvi 


II 







The indecomposable module Mi{l,r,r]), 1 ^ I < n, r £ Z„, 
basis {vi,V 2 , ■ ■ ■ ,Vn} with the action given by 


avi = 


Uj+i, 1 ^ i < n, 
0 , i = n, 


dvi = 


ai-i{n - 

0 , 




•q £ k, has a standard 
i = 1, 

\ < i ^ n — I, 
i = n — I -\- 1, 
n — l + l<i^rL, 


bv, = 


cvi = g* ’'uj. 


Then the band modules Ms{l,r,q) are determined recursively by the almost split 
sequences 

0 -)> Ms{l,r,q) Ms-i{l,r,q) ® Ms+i{l,r,q) Ms{l,r,q) 0, 

where s ^ 1, Mo{l,r,q) = 0, 1 ^ I < n, r £ Zn and q S P^(A:) (see [H [7]). 
Ms{l,r,q) also can be constructed recursively by using pullback (see [71 pp. 2823- 
2824]). Ms{l, r, q) is a submodule of sP{l,r) and a quotient module of sP{n—l, r+l), 
and there is an exact sequence 

0 —>■ Ms{l, r, q) ^ sP{l, r) Ms{n — l,r + 1, —qq’') 0. 

Hence il.Ms{l,r,q) = Ms{l,r,q) = Ms{n — Z,r -I- 1,—qq’'). Moreover, for any 
1 ^ i < s, Ms{l, r, q) contains a unique submodule of (i, i)-type, which is isomorphic 
to Mi{l, r, q) and the quotient module of Ms{l, r, q) modulo the submodule of (i, i)- 
type is isomorphic to Ms-i{l,r,q). Hence there is an exact sequence of modules 

0 ^ M^{1, r, q) ^ Ms{l, r, q) r, q) 0. 


Erdmann, Green, Snashall and Taillefer studied the representations of the Drinfeld 
double D{An^d) of the generalized Taft algebras An^d in [IS]- In case d = n, An^n is 
the n^-dimensional Taft Hopf algebra. For this reason, An^d is called a generalized 
Taft algebra in mm- Moreover, D{An.n) — Hn{^,q) as Hopf algebras. Hence 
one also can get all indecomposable modules over iL„(l,g) from [13]. In this case, 
V{1, r) is the simple module L(1 — 2r — I, r), and the band modules Ms{l, r, 0) and 
Ms {I, r,oo) are string modules of even length in |13j . 
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Throughout the following, let u be a fixed positive integer with n > 2, and q G k 
an primitive root of unity. Let P{n, r) = V(n, r) and {l,r) = V{I, r) for all 
1 ^ I < n and r S Z„, and let aoo = ooa = oo for any 0 ^ a € k. Let Ai denote 
the category of finite dimensional modules over iL„(l,q). 

3. Tensor product of a simple module with a module 

In this section, we investigate the tensor product of a simple module with an inde¬ 
composable module. Throughout the following, unless otherwise stated, a module 
means a module over iJ„(l,q), and an isomorphism means a module isomorphism. 

Note that M®N = N®M for any modules M and N since Hn{l, q) is a quasitrian- 
gular Hopf algebra. For any t G Z, let c{t) := be the integer part of That 
is, c{t) is the maximal integer with respect to c{t) ^ Then c{t) + c(t —l)=t. 

3.1. Tensor product of two simple modules. 

The decomposition of the tensor product of two simple modules has been deter¬ 
mined in 0113]. We gave the decomposition of the tensor product V{l,r)®V{V, r') 
for I + V ^ n + I, and described the socle of V{l,r) 0 V{l',r') ioi I + I' > n + 1 
in 0. Erdmann, Green, Snashall and Taillefer described the decomposition of the 
tensor product of any two simple modules for the Drinfeld double of the generalized 
Taft algebras An^d in [IS]- Putting d = n in [S], one can get the decomposition of 
V{l,r) ( 8 > V{l',r') for I + I' > n + 1 (also for I + 1' ^n + 1). 

Convention: If is a term in a decomposition of a module, then it disap¬ 

pears when I > m. For instance, in the decomposition of the following Proposition 
13.11 21. the term {I + V — 1 — 2i, r + r' + i) disappears when V = n, or 

equivalently t = I — 1. 

Proposition 3.1. Let 1 ^ I ^ I' ^ n and r,r' G Z^,. 

(1) If I + I' ^ n + 1, then V{1, r) ® V{V, r') = + V — 1 — 2i,r r' + i) ■ In 

particular, V{l,r) (g) V{l',r') = V{l',r + r') for all 1 ^ I' ^ n and r,r' G Z„. 

(2) If t = I + I' — {n + 1) > 0, then 

V{l,r)®V{V,r') ^ + + + 

(I + 1' -l-2i,r + r' + i)). 


Proof. It follows from 0 Theorem 3.1] and [131 Theorem 4.1]. □ 

By the Fundamental Theorem of Hopf modules (see [IS]), M 0 P is projective for 
any projective module P and any module M . Thus, one gets the following corollary. 

Corollary 3.2. The suhcategory consisting of semisimple modules and projective 
modules in Ai is a monoidal subcategory of A4. 

3.2. Tensor product of a simple module with a projective module. 

In this subsection, we determine the tensor product V{l,r) 0 P{l',r') of a simple 
module with an indecomposable projective module. As pointed out in the last 
subsection, V{l,r) 0 P{l',r') is projective, and so it is also injective. Thus, it is 
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enough to determine the socle of V{l,r) (g) P{l',r'). If M is a submodule of the 
socle of V{l,r) (g) P{l',r'), then P{M) (= I{M)) is isomorphic to a submodule of 
V{l,r) ^ P{1',r'). We will manage to find a submodule U of the socle ofV{l,r) g) 
P{1',r') such that P{U) and V{l,r) (g) P{l',r') have the same dimension. In this 
case, V{l,r) g) P{l',r') = P{U). In the following, we will also use the fact that 
if a projective module P is isomorphic to a submodule of a quotient module of a 
module M, then P is isomorphic to a summand of M. 

Theorem 3.3. Let 1 ^ 1,1' < n and r,r' G Z„. Assume that I + I' ^ n. Let 
Zi=min{^,r}. Then 

V{l,r)®P{l',r') ^ (©tV^(^ + ^'-l-2br + r' + z)) 

+ / + /' — I — 2i, r + r' + i)). 


Proof. We first assume that I ^ V and let V = V{l,r) (Si P{l',r'). Then Vi := 
V{1, r)g)soc(P(Z', r')) is a submodule of V. Since soc{P{l', r')) = V{1', r'), it follows 
from Proposition lrlT l') that Vi = V{l,r)(SV{l',r') = + — l — 2i,r-\-r' 

Hence ^’(Vi) can be embedded into F as a submodule. Now we have P[Vi) = 
® {I + V - I - 2i,r + r' + i)) = ®\z}qP{ 1 + V - I - 2i,r + r' + i). Since 

1 ^ Z + Z' — I — 2j ^ n — 1 for all 0 ^ z ^ Z — 1, dim(P(Z + Z' — I — 2z, i)) = 2n, and 
so dim(P(yi)) = 2nl = dim(y). This implies 

V (Z, r) g) P{1', r') = ®iZjH(Z + Z' - I - 2z, r + r' + z). 

Next, assume that V < 1. Applying V{l,r)(S to the exact sequence 0 ^ V(V,r') —>• 
P{l',r') —7> n~^V{l',r') 0, one gets anther exact sequence 

0 ^ V{1, r) g) V{1', r') -G V{1, r) g) P{1', r') -G V{1, r) 0 fW V(Z', r') ^ 0. 

Note that I ^ n — I' and Z + rz — Z' — (rz + 1) = I — I' — 1 ^ 0. By soc(H“^Ig(Z', r')) = 
2V{n — V,r' + Z') and Proposition 13.11 21. we have 

V{1, r) 0 soc(fI-W(Z', r')) ^ 2V{1, r) 0 V(n - I', r' + V) 

— (®i=c(/-i'-i)2-P(^ + rz — Z' — 1 — 2z, r + r' + Z^ + z)) 
®(®l=i-Z'2P(Z + rz - Z' - 1 - 2Z, r + r' + Z' + Z)) 

— (®i=c(/+/'-i)2'f’(^ + Z + Z' — 1 — 2z, r + r' + z)) 
®(®iif ”^2P(rz + Z + Z' - 1 - 2i, r + r' + i)). 

Since ®iZg(;_|_;/_i)2P(rz + Z + Z' — 1 — 2z, r + r' + z) is projective and injective, it 
follows that there is an epimorphism 

(j) -.V := P(Z, r) 0 P{1', r') ® ■Zc(j+i'-i)2-P(’^ + Z + Z' - 1 - 2z, r + r' + z) 

such that Ker((/)) contains a submodule isomorphic to V{l,r) 0 V{l',r'). Hence 
V = Ker{(j)) © P, where P is a submodule of V with P = ©^~^(;_|_;,_^)2P(rz + Z + 
Z' — 1 — 2z, r + r' + z), and Ker((/)) contains a submodule Vi with Vj = V{l,r) 0 
V{l',r'). By Proposition 13.11 11. Vi = ®\PqV{ 1 + I' — I — 2i,r + r' + i). Hence 
soc(P) = soc(Ker((/))) © soc(P) © soc(Vi) © soc(P) = (©iTj)^P(Z + Z' — 1 — 2z,r + 
r' + z)) © (©■Icp_|_;/_i)2P(rz + Z + Z' — 1 — 2z, r + r' + z)) =: U. Thus, P{U) is 
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isomorphic to a submodule of V. Then a straightforward computation shows that 
dimP(17) = 2nl — dim(F), and so 

V(l, r) (g) P(l', r') ^ P{U) ^ {(B-PoP{l + I' - 1 - 2i,r + r' + i)) 

+ Z + Z' — 1 — 2z,r + r' + z)). 

This completes the proof. □ 

Corollary 3.4. Let 1 ^ I ^ n and r,r'€ Zn- ThenV{l,r)<SiP{l,r') = P{l,r + r'). 

Proof. It is follows from Theorem 13.31 for 1 ^ Z < n, and Proposition 3.1(1) for 
I = n. □ 

Theorem 3.5. Let 1 ^ 1,1' ^ n with V ^ n and r,r' G Assume that 

t = I + I' — {n + 1) ^ 0 and let Zi = min{Z, I'}. Then 

V{l,r) (g) P{1',r') = (®i=c(t)2®’(^ + Z' - 1 - 2z,r + r' + i)) 

®{(Bt+it^,i^h-iP{l + Z' — 1 — 2i, r + r' + i)) 
®(®c(j+/'-i)^isS/-i2P(n. + Z + Z' — 1 — 2z, r + r' + i)). 


Proof. By Proposition 13.11 1! and Corollary 13.41 we only need to consider the case 
of r = r' = 0. 

First assume that Z ^ Z'. Then t < Z — 1 by Z' < n. We have an exact sequence 

0 ^ v{i, 0) ® nv{i', 0) ^ v{i, 0) g) p{i', 0) ^ v{i, o) o v{i', o) ^ o. 

By Proposition I3.1l 2b + Z' — 1 — 2i,i) is isomorphic to a summand of 

14(Z,0) g) y(Z',0). Hence there is a module epimorphism 

<P:V:= V{1, 0) 0 P{1', 0) ^ ©Lc(t)^(^ + Z' - 1 - 2Z, i) 

such that Ker(0) contains a submodule isomorphic to V (Z, 0)^LtV{l', 0). Note that 
H(Z,0) 0 HH(Z',0) © H(Z,0) 0 soc(rHd(Z',0)) = H(Z,0) 0 H(Z',0). Thus, again by 
Proposition l3.1l 2b an argument similar to Theorem [T3] shows that soc(y) contains 
a submodule U with 

U ^ soc(H(Z, 0) 0 V{1', 0)) © (©,U(t)^(^ + Z' - 1 - 2z, Z)) 

^ (®U(t)2V^(^ + l'-l-2z, i)) © {otl+iVil + l'-l-2i, i)). 

Thus, P{U) is isomorphic to a submodule of V. Then a straightforward computa¬ 
tion shows that dimP([/) = 2nl — dim(H). It follows that 

H - P{U) - (®Lc(t)2^^(^ + Z' - 1 - 2z, z)) © (©tt+i^(^ + Z' - 1 - 2z, z)). 

Now assume that V <1. We have two exact sequences 

0 ^ v{i, 0) 0 v{v, 0) ^ v{i, 0) 0 Pil', 0) ^ v{i, 0) 0 n-^v{i', 0) ^ 0, 

0 ^ 2H(Z, 0) 0 V{n - I', I') V{1, 0) 0 H-W(Z', 0) y(Z, 0) 0 V{1', 0) 0. 

Note that n — V<l and l + n —V — {n+l) = l —V —By Proposition l3.1l 2l. 
2V (Z, 0) 0 ld(rz — V, V) contains a summand isomorphic to 

®i=c(i-/'-i)2-P(^ + ^ ~ ~ 1 ~ 2z, Z^ -|- z) = ©^^^(j_|_j,_j^j2P(rz -|- Z -|- Z' — 1 — 2z, z), 
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and V{1,0)^V{1', 0) contains a summand isomorphic to 

follows from the last exact sequence that V{1,0)^ 0) contains a projective 
summand P with 

P ^ + I' — I - 2i, i)) © (©■^^(;_,_;,_i)2P(n + / + 1' - 1 - 2*, i)). 

Then from the former exact sequence above, an argument similar to Theorem 13.31 
shows that soc(y(/,0) © P{1',0)) contains a submodule U with U = soc{V{l,0) © 
V{1',0)) ©soc(P). By Proposition 13.ir 2l. we have 

U ^ (©fj-4,)P(Z + r - 1 - 2^, i)) © soc(P) 

— (©i=c(t)2 ^{I + I' — 1 — 2i,i)) (B -iV{I + I' — 1 — 2i, i)) 

®(®i=c(z+z'-i)2^(^ + Z + Z' — 1 — 2i,i)). 

Then one can check that dimP(17) = dim(P(Z,0) ©P(Z',0)), and so 
V{1, 0) © P{1', 0) ^ P{U) ^ (©U(i)2^(^ + z' - 1 - 2q i)) 

®(®i+i^i<z'-iP(Z + Z^ — 1 — 2i,i)) 
®(®i=c(z+z'-i)2-P(''^ + Z + Z' — 1 — 2i, i)). 

This completes the proof. □ 

3.3. Tensor product of a simple module with a string module. 

In this subsection, we determine the tensor product V{l,r) © ,r') of a 

simple module with a string module. By [131 P-438], we have 

V{1, r) © r') ^ fI±™(P(Z, r) © V{1', r')) © P 

for some projective module P. Moreover, the hrst summand on the right side of the 
above isomorphism can be easily determined by Proposition l3.ll But, the projective 
summand P is not given there. We will use the decomposition of the tensor products 
of V{l,r) with some composition factors of {V, r') to find some projective 

summands of V{l,r) © ,r'), and then compare the dimensions of these 

modules to determine the projective module P. Note that = 0 for any 

TO > 0 and projective module P. 

Proposition 3.6. Let 1 ^ Z,Z' < n and r,r' € Z^,. Assume that I + I' ^ n. Let 
Zi = min{Z,Z'}. Then for all m ^ 0, we have 

y(Z,r)©0±'"P(Z',r') 

= {(B'^fJo'n^^V{l + l'-l-2i,r + r'+ i)) 

©(©c(z+z'-i)<i^z-i (^71 H-— )P{n + I + I' — 1 — 2i,r + r' + i)). 

In particular, V (1, r) © (Z', r') = (Z', r + r'). 

Proof. As stated above, we have P(Z,r)©fZ^™P(Z',r') = f2=*="*(P(Z,r)©P(Z',r'))©P 
for some projective module P. Then by Proposition 13.11 11. we have 

fl±’"(P(Z, r) © P(Z', r')) = + Z' - 1 - 2^, r + P + i)) 

= + -l-2i,r + r'+ i). 

Hence 

V{1, r) © H±™P(Z', P) ^ (Z + Z' - 1 - 2i, r + P + z)) © P. 
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If I ^ I', then a straightforward computation shows that dim(y {I, r)(Si^^'^V {I', r')) = 
dim(©-“|!)r2=*='"y(l + Z' —1 —2z,r + r' + i)), which implies dim(P) = 0, and so P = 0. 
Thus, the desired decomposition follows for I ^ I'. 

Now suppose that I' < 1. We may assume that m is odd since the proof is similar 
for m being even. Then we have two exact sequences 

V{l,r)® r') {m l)V{l,r) ®V{n — V,r' V) —> 0, 

0 —>■ (to + 1)V (/, r)®V{n — V, r' + 1') (/, r) (8> VL~^V{V, r'). 

Note that I ^ n — l' and l + n — l' — (n + 1) = l — l' — l ^ 0. By Proposition l3.ir 2'). the 
projective module Q)''.~’‘^^^^,_^^{m + l)P{l + n — l' — l — 2i,r + r' + l' + i) is a summand 
of {m + 1)V{1,0) V{n — I',1'), and so it is a summand of r) © r'). 

Then by Krull-Schmidt Theorem, we have 

^ + 1' -I-2i,r + r' + i)) 

®(®i=c(i— 1 ) + n — — 1 — 2i, r -\- r' -\- V -\- i)) © Q 

^ + 1' -l-2i,r + r' + i)) 

®(®i=c(i+z'— 1 ) l)P(n 1 1' — 1 — 2i,r + r^ + z))©Q, 

for some projective module Q. By a straightforward computation, one finds that 
dimQ = 0, and so Q = 0. This completes the proof. □ 

Proposition 3.7. Let 1 ^ 1,1' ^ n with V ^ n and r,r' € Z„. Assume that 
t = I + I' — (n + 1) ^0. Let li = min{Z, I'}. Then for all m ^ 1, we have 

P(Z,r) ©n±™P(Z',r') 

— (Z + — 1 — 2i, r + r' + i)) 

®(®i=c(t) + I' - 1 - 2i,r + r' + i)) 

®(®c(i+p-i)<i^i-i (w H-— )P{n + I + I' — 1 — 2i,r + r' + i)). 

Proof. By Proposition 13.If lb Corollary 13.41 and Proposition 13.61 we only need to 
consider the case of r = r' = 0. Now by Proposition 13.11 21. we have 

P(Z, 0) © n±™P(Z', 0) ^ fI±™(P(Z, 0) © V{1', 0)) © P 

= (©t+i^.^u-ib!±’”P(Z + Z' - 1 - 2Z, Z)) © P 

for some projective module P. We assume that to is odd since the proof is similar 
for TO being even. Then we have two exact sequences 

0 mV{l, 0) © V{1', 0) ^ V{1, 0) © n™P(Z', 0) 

^ (to + 1)P(Z, 0) © V{n - I', I') 0, 

0 ^ (to + 1)P(Z, 0) © V{n - I', I') V{1, 0) © n-™P(Z', 0) 

^toP(Z,0)©P(Z',0)^0. 

By Proposition 13.11 21. the projective module ©■^^(j)TOP(Z + Z' — 1 — 2i,i) is iso¬ 
morphic to a summand of mV (Z, 0) © P(Z', 0). If I' < I, then Z + n — Z' — (n + 1) = 
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I — I' — 1 ^ 0 and n — V < I hy I + I' ^ n + 1. Again by Proposition I3.ir 2b 
(to + 1)V {I, 0) (g) P(n — I', I') contains a summand isomorphic to 

(w+l)P(Z+n—Z'—1 —2i, V+i) = _-^-^{rn+l)P{n+l+l' —l — 2i, i) 

in this case. Thus, V{1,0) (g) 0) contains a summand isomorphic to 

— 1 — 2l, i)) 0 (©c(;+;'_i)<gi^i_i(TO 0 l)P{n + I + I' — 1 — 2i, i)) 

in any case. Then it follows from Krull-Schmidt Theorem that 

P(/,0) 

= + l'-l-2i, i)) 

+ I' - ^ - ‘2i,r + r' + i)) 

+ l)P(n + I + I' — 1 — 2i,i)) ® Q 

for some projective module Q. Then by a tedious but standard computation, one 
gets that dimQ = 0, and so Q = 0. This completes the proof. □ 

3.4. Tensor product of a simple module with a band module. 

In this subsection, we investigate the tensor product M = V{l,r) ® Ms{l',r',f]) 
of a simple module with a band module. Erdmann, Green, Snashall and Taillefer 
in m showed that any non-projective indecomposable summand of M is a band 
module. They described the module on an example with s = 1 for the special case 
n = d = 6, but the decomposition for general case is not given there. By tensoring 
with y(2,0), we will determine M by the induction on 1. For I = 1 and I = 2, we 
determine M by using some standard basis and the duality (—)*. For the induction 
step, we use the following isomorphism (see Proposition [OJ 

V{2,0)<S)V{l,r)<^Ms{l' ,r' ,f]) = V{l+l,r)^Ms{l' ,r' ,T])®V{l-l,r+l)0Ms{l' ,r' ,t]). 

If the decompositions of V{l,r) g) Ms{l',r',r]) and V{1 — l,r + 1) ^ Ms{l',r',r]) 
are known, then the decomposition of the module on the left side is known, which 
yields the decomposition oi V{1 + l,r) (g) Ms{l',r',rf). Consequently, one gets the 
decomposition of M for all 1 ^ ^ ^ n. 

Lemma 3.8. Let 1 ^ I < n, r,r' € and r] £ P^(fc). Then for all s ^ 1, 
V{l,r) g) Ms{l',r\r]) ^ Ms{l,r + r\r]). 

Proof. It is similar to [U Lemma 3.2 and Proposition 3.4]. □ 

For a module M, let G M\bm = q^m}, r £ Z„. Then it follows from O 

Lemma 2.1] that M = • •©M(„_i) as vector spaces and cM(^) C 

for all r £ %n- If / : M ^ is a module map, then /(M(^)) C for any r £ Z„. 

Lemma 3.9. Let 1 ^ I < n, r £ Z„ and s ^ 1. Then there is a basis {vij\l ^ i 
n,l ^ j ^ s} in Ms(l, r, oo) such that 

—1 j i — ri /, 

0, i = n, 

Vi+ij, otherwise, 
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dvij = 


i = 1, 

ai-i{n - l)vi-ij, l<i^n-l, 

0, i = n — I + 1, 

ai-n+i-iil)vi-ij, n-l + l<i^n, 
where and Vn-i+i,o = 0- 


cvij = g* 


^ J 5 


Proof. We prove the lemma by the induction on s. For s = 1, it follows from 
Section [21 Now let s ^ 2 and M = Ms{l,r,oo). Then by [71 Theorem 3.10(2)], M 
contains a unique submodule TV of (s — 1, s — l)-type. Moreover, N = r, oo) 

and M/N = Mi{l, r, oo). By the induction hypothesis, N contains a basis {vij[\. ^ 
T ^ n, 1 ^ j ^ s — 1} as stated in the lemma. Define a subspace L of by 
L = spanjwijjl ^ z ^ n, 1 ^ j ^ s — 2} for s > 2, and L = 0 for s = 2. 
Then L is obviously a submodule of TV, and L = Ms_ 2 {l,r,oo) for s > 2 by the 
induction hypothesis. It follows from [71 Theorem 3.10(2)] that M/L = M2{1, r, oo). 
Since M/N = Mi{l,r,oo), M/N contains a standard basis {xi,X 2 ,--- ,Xn} as 
stated in Section [2] Let tt : M —>■ M/N he the canonical epimorphism. Since 
Xi e {M/N)(^r+i) and airi_/+i S (Tlf/TV)(r), xi = tt{ui) and Xn-i+i = TT{un-i+i) 
for some ui G M(^r+i) and G Obviously, iti ^ TV and Un-i+i ^ TV. 

By O Lemma 2.2], we have that a^“^TVf(r) C TVf(r_|_/_i) and dM(^r+i) Q ^(r+i-i)- 
From dxi = Xn, one gets Tr{dui) = 7r(a^“^M„_j+i). Hence dui — a’‘~^Un-i+i G TV n 
TVf(j._|_/_i) = TV(,r+i-i)) and so dui = a^~^Un-i+i + x for some x G N(^r+i-i)- By the 
action of a on the basis of TV described above, one can see that a*“^TV(,r) = -^(r+i-i)- 
Therefore, there is an element y G N(r) such that x = a}~^y, and consequently, 
dui = a/~^ {un-i+i + y). By replacing Un-i+i with +y, we may assume that 

a; = 0, i.e., dui = a/~^Un-i+i. From axn-i = 0 and axi = Xi+i for 1 ^ z < n — 
one gets 7r(a"'“*zzi) = a^~^xi = 0. Hence G TV fl TVf(r) = N^^)- 

Now let Ui G TV/, 1 ^ z ^ rz, be defined by Ui = for 1 ^ z ^ rz — T, and 

Ui = a'^~'^'^'‘~^Un-i+i for n — l + l^i^n. Then Xi = TT{ui) for all 1 ^ z ^ rz. 
By the discussion for Ms{l,r,oo) in Section [21 one knows that dun-i+i = 0. Since 
{vn-i+i.j\l ^ j ^ s — 1} is a basis of TV(,,), we have a"“^zzi = 
for some Q!i,a 2 ,--- ,q;s-i G k. If Os-i = 0 then G L. In this case, 

Mijl ^ z ^ zz} is a basis of TVf/L, where v denotes the image oi v G M 
under the canonical epimorphism M —^ M/L. Obviously, span{z;i_s_i jl ^ z ^ rz} is 
a submodules of M/L. By the discussion for Ms{l, r, oo) in Section |2] together with 
dui = a’'~^Un-i+i and dun-i+i = 0, it is straightforward to check that span{zli|l ^ 
z < rz} is also a submodules of M/L. Moreover, M/L = span{ui(irr| 1 ^ ^ 

n} © span{zz7jl ^ z ^ n}. This is impossible since M/L = M 2 (l, r, oo) is indecom¬ 
posable. Hence a^-i 0. Now let 

= CKs_i(zti — 1 ^ ^ ZZ, 

where we regard '^T^uT+i = 0 for s = 2. Then Vi^s G M(^r+i+i-i)\N. 

Hence {z’ij jl ^ z ^ rz, 1 < j ^ s} is a basis of M. Obviously, cvi^s = for 

all 1 ^ z ^ n, avn,s = 0 and dvn-i+i,s = 0. By (5] Eq.(2.4)] and azz„ = 0, one 
can check that dui = ai-i(n — l)ui-i for 1 < i ^ n — 1. Then a straightforward 
verification shows that {u^j-jl ^ z ^ rz, 1 ^ j ^ s} is a desired basis of M. □ 
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Lemma 3.10. Let \ I < n, r £ 'Ln, r] G k and s ^ 1. Then there is a basis 
{vi,j\^ ^ ^ 1 ^ j ^ s} in Ms{l,r,r]) such that 



077, , = < 

1 r\ 

1 ^ z < 

77, 





[ 0’ 

1 - 

= n, 




1 

f Vn,j- 

l + m^Vr, 


i = 

1, 


dvij 


\ ai-i{ 

77 — l)Vi- 


1 < 

V/ 

n-l, 

, , cvij = q^ 



1 0- 



i = 

n — 

l + l, 


1 

t n+/—1 (0^^- 


n — 


1 < z ^ 77, 

1 ^ z 

^ 77 

/A 

^ s and 

'^^n,0 

= 0. 




Proof. It is similar to Lemma 13.91 □ 

Lemma 3.11. Let r,r' G 'Zn, V ^ P^(fc) and s ^ 1. Then 

1/(2,r) (g) Ms{l,r',r]) = Ms{2,r + r',r]q~^{2)q) © sV(n,r + r' + 1). 


Proof. By Proposition 13.11 11 and Lemma 13.81 we may assume that r = r' = 0. 
We only consider the case of ly G fc since the proof is similar for 77 = 00. Assume 
T] G k and let M = 1/(2,0) © M;,(l, 0,77). By the discussion in Sectionthere is a 
standard basis {771,772} in 1/(2, 0) such that 

0771 = 772, bvi = 77i, C77i = g“^77i, dvi = 0, 

0772 = 0, bv 2 =qV 2 , C772 = 772, ^772 = «! (2)77i. 

By Lemma 13.101 there is a standard basis {77z,i |1 ^ 7 < tt,, 1 ^ j < s} in Ms(l, 0,77) 

such that for all 1 ^ 7 ^ n and 1 ^ j ^ s, 


0, 

1 ^ z < 77 , 
i = n, 


bvij 

= q'vij, 


+VQVnJ, 

i = 1, 



ai-i{n - l)vi-i^j, 

1 < Z ^ 77 — 1, 

CVij 

= q"vi,j, 

0, 


i = n, 




where Vn,Q = 0. Hence {ui © Vij,V 2 © 77i,j|l ^ 7 ^ 77,1 ^ j ^ s} is a basis of M. 

For any 1 < z < 77 and 1 ^ ^ s, define Uij G M by tzij = ((2)^)'*“^ (771 © V 2 ,j + 

(2)qV2 ©fi,i) and Uij = o*“^7ii j for z > 1. Then by Lemma r3.10l a straightforward 
verification shows that N := span{77ij|l ^ z ^ rz, 1 ^ j ^ sj is a submodule of M 
and N = Ms{2,0,'qq~'^{2)q). 

Since Ms(l, 0,77)/soc(Ms(l, 0, 77)) = sV{n— 1,1), there is an epimorphism from M 
to s{V{2, 0) ©1/(77 — 1,1)). By Proposition l3.1f 2l. V{n, 1) is a projective summand 
of 1/(2, 0) © 1/(77 — 1,1). It follows that M contains a submodule U isomorphic to 
sV{n,l). Obviously, N r\U = 0. Therefore, M = N (B U = Ms{2,0,qq~^{2)q) © 
sV (77, 1) by dim(iV © [/) = dim(M). □ 

Lemma 3.12. Let I ^ I ^ n and r G Z„. Then V{l,r)* = V{l,l — l—r) and 
P(l, r)* = P{1,1 — l — r). If 1 ^ I < n, then (0™P {I, r))* = 0“”^!/ {1,1 — I — r) and 
{VL~'^V{l,r))* = VL'^V{1, 1 — l — r) for all mi^l. 
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Proof. The first isomorphism is due to [I] Theorem 4.3], and the rest follow from 
an argument similar to [H Lemma 3.16]. □ 

Lemma 3.13. Let 1 ^ I < n, r € ry G P^(fc) and s ^ 1. Then 

Ms{l,r,ri)* ^ Ms{n -rjq’'). 

Proof. At first, by an argument similar to (TJ Theorem 4.3], one can check that 
Mi{l, r, rj)* = Mi{n — 1,1 — r, —rjq’’) for 77 = oo and rj € k, respectively. 

Now assume s > 1. Then Ms{l,r,r])* is indecomposable. By the structure of 
Ms{l, r, rf), we have an exact sequence 0 —>■ sfo {I, r) Ms{l, r, rf) —>• sV{n — l,r + 
1) —>■ 0. Applying the duality (—)* to the above exact sequence and using Lemma 
13.121 one gets another exact sequence 

0 ^ sV{n — 1,1 — r) Ms{l, r, r])* .sV{l,l — r — 1) ^0. 

By the classification of indecomposable modules stated in Section [21 one knows 
that Mg{l,r,r])* = Mg{n — 1,1 — r,a) for some a G P^(fc). On the other hand, 
there is an epimorphism Mg{l,r,T]) Mi{l,r,ri) by [71 Theorem 3.10(2)]. Then 
by applying the duality (—)*, one gets a monomorphism Mi{n — 1,1 — r, —rjq^) 
Mg{n — 1,1 — r,a). Again by (T] Theorem 3.10(2)], Mg{n — 1,1 — r,a) contains a 
unique submodule of (1, l)-type, which is isomorphic to Mi{n — 1,1 — r, a). Hence 
Mi{n — l,l — r, —rjq^) = Mi{n — l,l — r, a), which implies a = —rjq^ by [T] Theorem 
3.10(4)]. It follows that Mg{l,r,r])* = Mg{n — l,l — r, —rjq''). □ 

Corollary 3.14. Let r,r' G Z„, rj G P^(fc) and s ^ 1. Then 

V(2,r) 0 Ms{n - l,r',? 7 ) = Mg{n -2,r + r' + l,ry(2)q) © sV{n,r + r'). 

Proof. It is enough to show the corollary for r = r' = 0. By Lemma 13.111 we 
have an isomorphism V (2, — 1) 0Ms(l, 1, —r]q~^) = Mg{2, 0, —'qq~"^{2)q)(BsV{n, 1). 
Then by applying the duality (—)* to the isomorphism, it follows from Lemmas 
EH andthat 1 /( 2 , 0 ) 0 Ms(n - 1 , 0 , ry) ^ Ms(n - 2 , 1 , ry( 2 ),) © sH(n, 0 ). □ 

Lemma 3.15. Let 1 < V < n — 1, r,r' € Z„, ry G P^(A:) and s ^ 1. Then 

1/(2, r) 0 Mg{l',r',rj) 

^ Mg{l' + 1, r + r', 7 yg-i (^J^) © Mg{l' - 1, r + r' + 1, 

Proof. It is enough to show the lemma for r = r' = 0. We only prove the lemma 
for r] G k since the proof is similar for ry = 00 . 

Assume rj € k and let M = V{2,0)^Mg{l', 0, ry). Let {^ 1 ,^ 2 } be the standard basis 
of 1/(2, 0) as stated in the proof of Lemma 15. Ill and let {vij\l ^ i ^ n,l ^ j ^ s} 
be the standard basis of Mg(l', 0, ry) as given in LemmajSTOl Then M has a fc-basis 
{"Cl 0 Vij,V 2 0 Vij\l ^ r ^ n, 1 < j < s}. 

Now let (3 = and 7 = ■ For 1 ^ r ^ n and 1 ^ j ^ s, define rtj 7 G M 

byrtij- = 7 '^(ui 0 Pij+ry(y^ / 3 u 20 r’ri,j+/ 3 u 20 Un,j-i) and Mi 7 = for 1 < r < n. 

Then by a standard computation, one can check that Ni := spanjui^j 11 ^ r ^ n, 1 ^ 
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j < s} is a submodule of M and Ni = Ms{l' — 1,1, ijqj = Ms{l' — 1,1, ) 

by Lemma [3.101 

Next, let 9 = For 1 ^ i ^ n and 1 ^ j ^ s, define Wij G M by wij = 

9^vi 0 V 2 ,j + {I' + 1 ) 5^2 ® vij) and Wij = a'‘~^wij for 1 < i ^ n. Then a 
straightforward verification shows that N 2 := span{?iii_j 11 ^ z ^ n, 1 ^ j ^ s} is a 
submodule of M and N 2 = Ms{l' + 1,0, 'qq~^9~^) = Ms{l' + 1, 0, r]q~^ 

Finally, since soc(fVi) = sV{l' — 1, 1) and soc(fV 2 ) = sV{l' + 1,0), the sum Ni + N 2 
is direct. Then it follows from dim(M) = dim(lVi © N 2 ) that 

M = iVi © iV2 ^ Ms{l' - 1,1, ® Ms{l' + 1,0, 


□ 


Theorem 3.16. Let 1 ^ 1,1' < n, r,r' G Z„, rj G P^(fc) and s ^ 1. Assume that 
I + I' ^ n and let li = min{Z, V}. Then 

V{l,r) © Me{l',r',r]) 

= + 1 ' -l- 2 i,r + r' + i, ^g2»-i+i d+i'-i-20, )) 

®(®c(i+i'-i)<;z^;i-isF’(''^ + Z + Z' — 1 — 2j, r + r' + z)). 


Proof. It is enough to show the proposition for r = r' = 0. We prove it by the 
induction on 1. For Z = 1 and Z = 2, it follows from Lemmas 13.8113.111 and 13.151 
respectively. Now let Z > 2 and assume that the theorem holds for less Z. 

Case 1: Z ^ I'. In this case, Z — 2 < Z — 1 < Z'. Hence by the induction hypothesis. 
Lemma [3.151 and Proposition 13.If 11. we have 

y(2,0)®T(Z-l,0)©M,(Z',0,r;) 

= ®'iZlV{2, 0) © M,(Z + Z' - 2 - 2z, i, 77(72*-^+2 
= + l'-l-2i, i, )) 

®(®'l^M,(Z + Z' - 3 - 2z, 1 + 1, r;g2*-©3 


and 


C(2,0)©C(Z-1,0)©M«(Z',0,7?) 

^ V{1, 0) © Msil', 0,7?) © V{1 - 2,1) © Ms{l', 0,7?) 

^ H(Z, 0) © M,(Z', 0, 7 ?) © (©to^.G + Z' - 3 - 27, 7 + 1, ^g2z-i+3 (W'-3-2^), 

Thus, using Krull-Schmidt Theorem, one gets that 

V{1, 0) © M,(Z', 0, ri) - ©tjM,(Z + Z' - 1 - 2i, 7 , . 





















TENSOR PRODUCTS OF MODULES OVER DRINFELD DOUBLES OF TAFT ALGEBRAS 17 


Case 2: I = V + \. In this case, I —2 < 1 — 1 = I'. Hence by the induction hypothesis, 
and Lemmas 13.111 and 13.151 we have 


H(2,0)®H(I-1,0)®M«(Z',0,?7) 

= ®'iZlVi2, 0) O M,(Z + Z' - 2 - 27, i, ) 

- H(2,0)®M,(l,Z'-l,7y<7'-2^) 

®(®f=“o"'^(2,0) ® M,(Z + 1' - 2- 

^ Msi2,l'-l,r,q^-^^J®sV{n,l') 

+ l'-l-2i, i, ryg2*-;+i 

®(®t“o2M,(Z + Z' - 3 - 2Z, i + 1, 


Then an argument similar to Case 1 shows that 


H(Z,0)®M,(Z',0,77) 

(©f=”o'AL,(Z + Z' - 1 - 2z,7,7;g2*-/+i d±®Ll^)) © sH(n,Z'). 


Case 3: Z = Z' + 2. In this case, Z' = Z — 2 < Z — 1. Hence by the induction hypothesis 
(or Case 2), Proposition 13.11 2') and Lemma 13.151 we have 


y(2,0)®l/(Z-l,0)(g)M,(Z',0,7;) 

= (®L-o'^( 2,0) 0 M«(Z + Z' - 2 - 27,7,,?<72*-i+2d±®z^)) 

©sy(2,0)(8>H(n,Z') 

©(©f-o'M,(Z + Z' - 3 - 2Z, Z + 1, ,yq2z-i+3 ^ - 1, Z' + 1). 


Then an argument similar to Case 1 shows that 


H(Z,0)©M«(Z',0,ry) 


\^qMs{1 + Z' — 1 — 2i,i,r]q'^ 


_i+i (z+C-i^)) ^ - 1, Z' + 1). 


Case 4: Z > Z' + 2. In this case, Z — 1 > Z — 2 > Z'. We assume that Z + Z' is odd 
since the proof is similar for Z + Z' being even. Then c(Z + Z' — 1) = c(Z + Z' — 2). By 
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the induction hypothesis, Lemma [3.151 and Theorems 13.31 and 13.51 we have 

1/(2, 0,77) 

= (0'=o'^(2, 0)<8)Msil + l' -2- 27, 7, ^g2z-i+2 (W'-2-2z), ^^ 

®sV{2, 0) (g) P{n - 1, c(l + 1' - 2)) 

®{®c{i+i')^i^i- 2 sV(2,0) ® P{n + I + I' — 2 — 27,7)) 

= + l'-l- 27,7,7792*-^+! 

+ r - 3 - 2i,7 + l,,792*-i+3(I^W^L3^)) 

©2sP(n, c(l + 1' — 1)) © sP{n — 2, c(l + 1' ® 1)) 

®(®c(/+/'+i)^i5jz—2'S(T’(7 i ® I ® V — \ — 2i, 7) © P(n ® I ® I' — S — 2i, i + 1)) 

= + 1' -I- 27,7, 7792*-/+! 

®(®t"o'^*(^ + l'-5-2i,i + l,7792*-*+3(IjtL±^)) 

®(®i=c(/+/'-i)'®'^(’^ + ^ + r — 1 — 27, i)) 

®(®i=c(/+/'-i)'^'^(^ + ^ + r — 1 — 27,7)). 

Then an argument similar to Case 1 shows that 

= {®i=oM,il + l'-l-2l, i, ^g2»-Z+l (W'-l-2d., )) 
®(®i=c(Z+Z'-l)®'^(^ + ^ + r — 1 — 27,7)). 

This completes the proof. □ 

Theorem 3.17. Let 1 ^ 1,1' ^ n with I' 7/ n, r,r' £ s ^ 1 arid 77 £ P^(fc). 
Assume that t = Z + Z' — (n + 1) ^ 0. LeZ Zi = min{Z, Z'}. TZicti 

l/(Z,r) © Ms{l',r',r]) 

= (©t+i<i^ii-iMs(Z + Z' - 1 - 27,r + r' + 7,779^""^+^ 

®(®Lc( 7)S^(^ + Z' - 1 - 2Z, r + r' + 7)) 

®(®c(/+/'-iXi^i-isC’(^ + Z + Z' — 1 — 27, r + r' + 7)). 


Proof. It is enough to show the theorem for r = r' = 0. We prove it by the 
induction on Z for the three cases: Z = 0, Z = 1 and Z ^ 2, respectively. Note that 
Z' = Z + n+ l — Z^Z+lbyZ^ 77, and Z ^ 2 by Z' < n and Z + Z' ^ n + 1. If Z = 2, 
then Z' = 77 — 1. In this case, the desired decomposition follows from Corollary 13. 141 
Now assume that Z > 2. 

Suppose Z = 0. If Z ^ Z' + 2, then the desired decomposition follows from an 
argument similar to Theorem 13. 161 Now let Z > Z' + 2. Then by Theorem 13. 161 we 
have 

C(Z - 2,1) © Msil', 0,77) ^ (®f®o^M«(Z + Z' - 3 - 2Z, Z + 1, ^g2.-7+3 (W'-3-2»), 

®(®i=c(7+7'-3)'®'^(^ + Z + Z' — 3 — 27, 7 + 1)) 

^ (©LiM,(Z + Z' - 1 - 2Z, i, 7792*-'+! 

+ 1 + 1' -l-2i, i)) 
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and 

Vil - 1, 0) ® MS', 0, 77) = + 1' - 2 -2i, 7, ^g2.-7+2 

®(®i=W-2)«^(^ + l + l'-2-2i, i)). 

We may assume I + I' is odd since the proof is similar when Z + Z' is even. Then 
c(Z + Z' — 2) = c(Z + Z' — 1) = Hence by Theorems 13.31 and 13.51 Corollarv l3.14l 

and Lemma l3.15l one can check that 

H(2,0)®y(Z-l,0)®M«(Z',0,?7) 

^ H(2,0)(g)M,(n-l,0,w2-'(Z^) 

©(0i<*«:p-iH(2, 0) ® M,(Z + Z' - 2 - 2i, t, ^g2^-i+2 (W'-2-2z), ^^ 
©sH(2,0)(8)P(n-l,^±^) 

©(©c(i+i'-i)<isji-2sH(2, 0) © P{n + Z + Z' — 2 — 2i, Z)) 

^ sV{n, 0) © (©i^i^u-iM,(Z + Z' - 1 - 2i, i, 7792*-;+! (f±®zl^)) 
©(®tiM,(Z + Z' - 1 - 27, ^g2.-;+i (W'-i-2d, )) 

©(©l-e(i+i-_i)S-P(« + Z + Z' - 1 - 27, 7)) 

©(©i=c(i+i'-i)'®®*(^ + Z + Z' — 1 — 27,7)). 

Thus, it follows from an argument similar to the proof of Theorem 13.161 that 

V{1, 0) © MS', 0,7?) = {®i^^^i'-iMS + Z' - 1 - 2Z, 7,77g2-;+i (f±®Ll^)) 
©sy(n, 0) © (©'^^(;+;,_i)SP(n + Z + Z' - 1 - 2i, Z)). 

For t = 1, the proof is similar to the case of Z = 0. Now suppose t ^ 2. If Z ^ Z' + 2, 
then the desired decomposition follows from an argument similar to Theorem l3.16l 
Now let Z > Z' + 2. Then by the induction hypothesis, we have 

y(Z-2,l)©M,(Z',0,77) 

— (®i=c(7-2)®®'(^ + Z' — 3 — 2?, 7 + 1)) 

©(©f-/_iM,(Z + Z' - 3 - 2Z,7 + i,^g2»-i+3 (W'-3-2d, )) 

®(©i=c(/+i'-3)'®®*(’^ + Z + Z' — 3 — 27, 7 + 1)) 

and 

Vil - 1,0) © M,(Z', 0,77) ^ {(Btl^t-ifPil + V-2-21, i)) 

®(©tVA^s(^ + Z' - 2 - 2Z,Z,77g2*-*+2(f±®LH^)) 
®(®i=W-2)«^(^ + Z + Z' - 2 - 2Z, i)). 

In the following, we only consider the case that t and Z + V are both odd, since the 
proofs are similar for the other cases. In this case, c(Z) = c(Z — 1) + 1 = and 
c(Z + Z' — 1) = c{l + Z' — 2) = Proposition 13.Il 2b Theorems 13.31 1X5] and 




















20 


HUI-XIANG CHEN, HASSEN SULEMAN ESMAEL MOHAMMED, AND HUA SUN 


Lemma 13.151 a straightforward computation shows that 

V{2,0) (^V{1 - 1,0) Ms{l',0,r]) 

— + I' — 1 — 2i, i)) © + /' — 1 — 2i, i)) 


+ I + I' — 1 — 2i,i)) 

+ / + /'— 1 — 2i, i)). 

Then by an argument similar to the proof of Theorem 13.161 one gets that 
V{1, 0) © Ms{l', 0, ry) ^ (©‘=c(t)S^(^ + ^ - 1 - 2z, z)) 




1-1 


,_i\sP(n + I + I' — 1 — 2i, i)). 


©), 


This completes the proof. 


□ 


4. Tensor product of a projective module with a non-simple module 


In this section, we investigate the tensor product P®M of a non-simple projective 
indecomposable module P with a non-simple indecomposable module M. Since 
P©iV is projective for any module N, P®M is isomorphic to the direct sum of all 
the tensor products P , where V ranges all composition factors of M. However, 
the decompositions of all such tensor products P ®V are known by Theorems 13.31 
and 13.51 which gives rise to the decomposition of P ® M. 


Proposition 4.1. Let 1 ^ I ^ I' < n and r, r' G Z^,. Assume that I + 1' ^ n. Then 
for all m ^ 1, we have 


P{l,r)^n^^V{l',r') 

(®i=o(”^ + )®'(^ + r - 1 - 2z,r + r' + z)) 

+ ^"*- 2 ^^ )P(zz + I + Z' - 1 - 2z,r + r' + z)) 
c(z+z'-i)<i^i'-i2(z7z + + Z + Z' — 1 — 2z, r + r' + z)) 

T^i<c(ri-z-z')2(^7z + *' 2 ^^ )-P(^ + Z' — 1 + 2z, r + r' — z)). 


Proof. By Corollary 13.41 and Proposition 13.61 it is enough to show the proposition 
for r = r' = 0. We may assume that m is odd since the proof is similar when m is 
even. In this case, there are two exact sequences 

0 ^ mVil', 0) ^ (Z', 0) ^ (to + l)P(rz - I', I') 0, 

0 ^ (to + l)P(n - l\ I') n-^V{l', 0) ^ toC(Z', 0) 0. 

Applying P(Z,0)© to the above sequences, one gets the following exact sequences 

0 ^ toP(z, 0) © v{i’, 0) ^ p(z, 0) © vr-viv, o) 

^ (to + 1)P(Z, 0) © V{n - I', I') 0, 

0 ^ (to + 1)P(Z, 0) © H(zz - Z', Z') ^ P(Z, 0) © n-"^v{i', 0) 

^toP(Z,0)©C(Z',0)^'0. 
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They are split since P{1, 0) 0 F {I', 0) and P{1, 0) 0 F(n — I', I') are both projective. 
By Theorem 13.31 we have 

P{1, 0) 0 ViV, 0) ^ (©■=JP(/ + l'-l-2i, i)) 

®(®c(j+;'-i)<z^z'-i2T’(n + I + I' — 1 — 2i,i)). 

By 1 ^ I ^ I' < n and I + I' ^ n, one knows that — I' <n and 

Z + (n — r) ^ n. Hence similarly, we have 

P{1, 0) ® H(n - I', I') ^ {®^iZlP{l + n-l^ -l-2i,l' + i)) 

®(®c(/+n-z'-i)^i<n-i'-i2T’(2n + I — V — 1 — 2i,V + ij) 
= (®iifr^P(n + Z + Z'-l-2i,i)) 

®(ffil^isJc(n-i-P)2P(Z + Z' — 1 + 2i, —i)). 

It follows that 


P(Z, 0) ® 0) ^ P{1, 0) ® 0) 

= (®tJmP(Z + Z'-l-2Z,i)) 

®(®c(/+/'-i)!ji^i'-i2m.P(n + Z + Z' — 1 — 2i, i)) 
®(®ii/' ® l)P(n. + Z + Z^ — 1 — 2i, *)) 

®(®l^i<c(n-i-/')2(”^ + + I' — 1 + 2i, —ij). 


□ 

Corollary 4.2. Let 2 ^ Z ^ Z' < n and r, r' G Z„. Assume that t = Z + Z' — (n + 1) ^ 
0. Then for all m ^ 1, 

P(Z,r)®fI±™y(Z',r') 

= (®U(t)2(™ + i±^^)P(Z + Z' - 1 - 2z, r + P + i)) 

®(®i=t+i(^ "I — 2 ^ + Z^ — 1 — 2i,r + P + z)) 

+ Z + Z' - 1 - 2i, r + P + i)) 

®(®c(z+Z'-i)Gi^u-i2(Ln + + Z + Z' — 1 — 2z, r + P + z)). 


Proof. By Theorem 13.51 we have 

P(Z, 0) ® P(Z', 0) ^ (®‘^,(,)2P(Z + Z' - 1 - 2i, z)) 

®(®tt+i^(^ + ^'-l-2i®)) 
®(®c(j+;'-i)^i^z'-i2P(zz + Z + Z' — 1 — 2z, z)). 

By 2 ^ I ^ V < n and Z + Z' ^ rz + 1, we have l^n — Z'<Z<n and 1 + (n — V) ^ n. 
Hence by Theorem 13.31 we have 

P(Z, 0) ® V{n - I', I') ^ ®”rj ■^P(rz + Z - Z' - 1 - 2i, Z' + i) 

= ®S,^P(rz + Z + Z'-l-2Z,Z). 


Then the corollary follows from the proof of Proposition 14.11 


□ 
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Corollary 4.3. Let 1 ^ I' < I < n and r,r' € Assume that I + I' ^ n. Then 
for all m ^ 1, 


+ r - 1 - 2 i,r + r' + i)) 


° V"” ' ^ m 

iii + ^"*- 2 ^^ )P(n + / + Z' - 1 - 2i,r + r' + i)) 

i=c(i+i'-i)^(™ ^-Z — 1 — 2i, r + + i)) 


-)P{1 + I' — 1 + 2i,r + r' — i)). 


Proof. It is similar to Corollary 14.21 □ 

Corollary 4.4. Let 2 ^ I' < I < n and r,r' £ Z„. Assume that t = Z + Z' —(n+1) ^ 
0. Then for all m ^ 1, 

P{l,r)®n^’^V{l',r') 

= (®U(t)2("i + + 1' -l-2i,r + r' + i)) 

®(®i=t+i(^ "I — 2 ^ — )Pi^ P I' — 1 — 2i,r P r' p if) 

®(®r=/(w + )Pin P I P I' - 1 - 2i,r P r' P i)) 

®(®i=c(i+i'-i)2(''^ “I -— )Pi^ P I P I' — 1 — 2i,r P r' P i)). 

Proof. It is similar to Corollary 14.21 bv using Theorem 13.51 □ 

Proposition 4.5. Let 1 ^ Z ^ Z' < n and r,r' £ Z„. Assume I P I' ^ n. Then 

P{1, r) O P{1', r') = (©'“J2P(Z + Z' - 1 - 2i, r + r' + z)) 

®(®f=p"^2P(n + Z + Z' - 1 - 2t, r + r' + i)) 
®(®c(j'+/-i)<i^i'-i4P(n + Z + Z' — 1 — 2i, r + r' + i)) 
®(®i^i<c(n-i-/')4-P(^ + Z' — 1 + 2z, r P r' — i)). 


Proof. It is enough to show the proposition for r = r' = 0. By the discussion in 
Section [21 there is an exact sequence 0 —>■ nP(Z',0) P(Z',0) C(Z',0) —>■ 0. 

Applying P{1, 0)® to the aboye sequences, one gets another sequence 

0 ^ p(z, 0) © nv{i', 0) ^ p(z, 0) © p(z', 0) ^ p(z, o) © v{i', o) o, 

which is split since P(Z,0) © V{1',0) is projectiye. Then the proposition follows 
from Proposition |4T] and its proof. □ 

Corollary 4.6. Let 2 ^ I ^ I' < n and r, r' £ Z„. Assume t = I pl' — (nPl) ^ 0. 
Then 

P{1, r) © P(Z', r') = (®i=c(t)4^’(^ + Z' - 1 - 2i, r + r' + z)) 

®(®[_(_i_i2P(Z + Z^ — 1 — 2z, r P r' P if) 

®(®r=p 2P(n + Z + Z' - 1 - 2t, r + r' + i)) 
®(®c(j'+/-iXi^i'-i4P(n + Z + Z' — 1 — 2z, r P r' P i)). 


Proof. It is similar to Proposition 14.51 by using Corollary 14.21 and its proof. 


□ 
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Proposition 4.7. Let 1 ^ 1,1' < n, r,r' G Z„, rj G P^(fc) and s ^ 1. Assume that 
I + I' ^ n. Let li = min{Z, I'} and I 2 = maxjZ, I'}. Then 

P{1, r) ® Ms{l', r', rf) = (0-L’o^sP(Z + V - I - 2i,r + r' + i)) 

sP{n + I + V - I - 2i,r + r' + i)) 
®(®c(/+/'-i)^i^i2-i2sP(n + I + V — 1 — 2i,r + r' + i)) 
®(®i^i<c(n-i-;')2sP(Z + V — \ + 2i,r + r' — i)). 

Proof. It is enough to show the proposition for r = r' = 0. By the structure of 
Ms{l',0,r]), we have the following exact sequence 

0 sPil, 0) ® V{1', 0) ^ P{1, 0) ® 0,7?) sPil, 0) ® Vin - I', I') -g 0, 

which is split as pointed out before. Then the proposition follows from an argument 
similar to the proof of Proposition 03] □ 

Corollary 4.8. Let 2 ^ 1,1' < n, r,r' G rj G P^(k) and s ^ 1. Assume that 
t = I + I' — {n + 1) ^0. Let li = min{Z, I'} and I 2 = max{Z, I'}. Then 

P{1, r) ® Mail', r', rj) ^ + I' - 1 - 2i,r + r' + i)) 

+ 1' -l-2i,r + r' + i)) 

®(®"3jsP(n + I + I' - 1 - 2i,r + r' + i)) 
®(®c(i+u-i)sgz^i2-i2'SP(?^ + I + I' — 1 — 2i,r + r' + i)). 


Proof. It is similar to Proposition 14.71 □ 

5. Tensor product of two modules with Loewy length 2 

In this section, we determine the tensor product of two non-simple non-projective 
indecomposable modules. We will first consider the tensor product of two string 
modules. 

5.1. Tensor product of two string modules. 

In this subsection, we determine the tensor product LT''V{l,r) ® LTV{l',r) of 
two string modules, where m,s G Z. By [131 p.438], Vt'^V{l,r) ^ TPV{1',r) = 
(l,r) ® y {V, 0)) ® P for some projective module P. The first term on the 
right side of the isomorphism is easily determined by Proposition 13.11 However, 
the projective summand P is not easy to determine in general. For m ^ 0, we 
determine the tensor product by the induction on m through the exact sequence 

0 fL^+^Vil, r) ® fPVil', r') P{TL'^V{1, r)) ® fPV(l', r') 

vrv{l, r) ® VTV{1', r') -G 0. 

Here we use the following Lemma 15.11 which is obvious, and the fact that Tt{M ® 
P) = LIM for any module M and projective module P. Then applying the duality 
(—)*, one achieves the corresponding decompositions for m < 0. 

Lemma 5.1. Let O^N^P^M^O be an exact sequence of modules over a 
finite dimensional algebra A, where P is projective. Then P = P{M) ® Q for some 
submodule Q of P. Moreover, Q is unique up to isomorphism, and N = LIM ® Q. 
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Proposition 5.2. Let 1 ^ I ^ I' < n, r,r' G m ^ 0 and s ^ 1. Assume that 
I + I' ^ n, and let mi = min{TO, s} and m 2 = niax{m, s}. Let P be the module 


{®c(l' -l(jn H-*'2 ^ )('S + 


i±^)P(n + 1 + V-l-2i,r + r' + i)) 
^~^~^^‘ )P{1 + V -l + 2i,r + r' -i)). 


(1) Ifm + s is even, then 


VrV{l, r) 0 WV{1', r') ^ + Z' - 1 - 2i, r + r' + i)) 

©(© ■^JtosP(/ + /' - 1 - 2i, r + r' + i)) © P 


and 


n^V{l,r)(^n-^V{l',r') 

= {®^iZln^-^V{l + l'-l-2i,r + r'+ i)) 

ffi(©it|;“^mi(m 2 + l)P(n + / + /' - 1 - 2i, r + r' + i)) © P. 

(2) If m + s is odd, then 

n’^V{l, r) © LIW{1', r') ^ + /' - 1 - 2i, r + r' + i)) 

®(®iti,~^msP(n + I + I' — 1 — 2i, r + r' + i)) (B P 

and 

r) © n-W{l', r') ^ + ^ - 1 - 2^ r + P + i)) 

©(©-IJtoi (m 2 + 1)P(^ + r - 1 - 2z, r + r' + z)) © P 


Proof. It is enough to show the proposition for r = r' = 0. We prove it by the 
induction on m. For m = 0, it follows from Proposition 13.61 Now let m > 0. We 
only consider the case that m and s are both even since the proofs are similar for 
the other cases. In this case, we have an exact sequence 

0 ^ n’^V{l, 0) © 0) ^ mP(n - Z, Z) © 0) 

^ 0) © 0) ^ 0. 

From 1 ^ I ^ I' < n and l + l' ^ n, one gets that I ^ Z' ^ n — l < n and n — l + l' ^ n. 
Moreover, n — Z + Z' — (n + 1) = Z' — / — 1. Hence by Corollary 14.41 together with 
Proposition 14 .1 1 for I + I' = n and Z = Z', Corollary 14.21 for Z + Z' = n and Z < Z', and 
Corollary [121 for Z + Z' < n and I = I', we have 

mP{n — 1,1)® (Z'j 0) 

— (®c(i'-j-iXi^i'-/-i2m(s + l)P(n — Z + Z' — 1 — 2i, Z + i)) 

®® l)P(n- — Z + Z^ — 1 — 2i, I + z)) 

®(ffi"®„^_;msP(2n - Z + Z' - 1 - 2z, Z + z)) 
®(®c(n-i+i'-i)^i^n-i-i2msP(2rz — Z + Z' — 1 — 2z, Z + z)) 

— (®c(i+i'-i)^i^i'-i2m(s + l)P(n + Z + Z' — 1 — 2z, z)) 

®(ffi ■ij/~^m(s + l)P(rz + Z + Z' — 1 — 2z, z)) 

®(ffi •=JmsP(Z + Z' - 1 - 2Z, i)) 

®(ffii^i<c(n-i-j')2msP(Z + Z' — 1 + 2z, —z)). 
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Note that m — l + s and m—1 are both odd. By the induction hypothesis, we have 

{m - l)sP{n + I + I' - 1 - 2i, i)) 
®(®c(t+/-i)!£z^z'-iw(s + l)P(n + I + I' — 1 — 2i,i)) 
®(®l^i<c(n-i-U)”T'Sf’(^ + I' — 1 + 2i, —i)). 

It is easy to check that + s)P{n + I + V — 1 — 2i,i) is a. projective cover 

of PV — 1 — 2i,i). Hence we have 

mP(n — Z, Z) (g) 0) 

^ P(H""-iH(Z,0)(8>H"H(Z',0)) 

®(®c(i+i'-i)<;z^;i'-i''R-(s + l)P(n + / + Z' — 1 — 2z, i)) 
®(®-=JtosP(Z + Z' - 1 - 2i,i)) 

®(®l^i<c(n-i-P)’T^sP(Z + Z' — 1 + 2i, —i)). 

It follows from Lemma [5. 1 1 that 

n^v{i, 0) ® n^v{i', 0 ) ^ + z' - i - 2z, i)) 

®(®l=JwsP(Z + Z' - 1 - 2Z, i)) 

®(®c(i+i'-i)^i</'-iLn(s + I)P(n + Z + Z' — 1 — 2i, i)) 
®(®l^i^c(n-/-i')LnsP(Z + Z' — I + 2i, —i)). 

If s ^ TO, then s > TO — 1. Hence by the induction hypothesis, we have 

H'"-il/(Z,0)®H-*H(Z',0) 

= + l'-l-2i, i)) 

®(®i=o("i - l)(s + 1)^(^ + Z' - 1 - 2i, i)) 

®(®c(/+/'-i)sji^i'-i”^(s + l)P(n + Z + Z' — I — 2z, i)) 
®{®l^i^c{n-l-l')''TT‘SP{l + Z' — I + 2i, —i)). 

In this case, s — TO+l>lis odd. Hence ®\zl{s — m + 1)P(Z + Z' — 1 — 2i, i) is a 
projective cover of ©■I|!)H™“^“®H(Z + Z' — I — 2i,i). Thus, a similar argument as 
above shows that 

H'"H(z, 0) ® n-^v{i', 0) ^ + Z' - 1 - 2Z, Z)) 

®(®[i;/ ^to(s + l)P(7l + Z + Z^ — 1 — 2Z, Z)) 
®(®c(/+/'-i)^i</'-iR^(s + l)P(n + Z + Z' — 1 — 2Z, Z)) 
®(®l^i<c(n-i-P)”^'SP(Z + Z' — 1 + 2Z, —Z)). 

If TO > s, then TO — 1 ^ s. Hence by the induction hypothesis, we have 

H'"-iH(Z,0)®H-®H(Z',0) 

= + Z' - 1 - 2Z, Z)) 

®(® ■IJstoP(Z + Z' - I - 2Z, Z)) 

®(®c(/+/'-iXi^p-i’Li(s + I)P(n + Z + Z' — 1 — 2Z, Z)) 
®i®lt^,i^c{n-l-l')'m-sP{l + Z' — I + 2Z, —Z)). 
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In this case, m—1 — s^Ois odd. Hence ^(m — s)P{n + I + I' — 1 — 2i,i) is 

a projective cover of + I' — I — 2i,i) as above, and so similarly, 

0) (g) 0) ^ + l'-l-2i, i)) 

0(0[i;/ ^s(?7i 0 l)H(n 1 1' — 1 — 2i, i)) 

®(0c(i+i'-i)^i<;'-i™(s + l)H(n 0 ^ 0 — 1 — 2i,i)) 

®{®l^i^c{n-l-l')''TT‘SP(l + V — 1 + 2i, —i)), 
as desired. This completes the proof. □ 


Corollary 5.3. Let 1 ^ I ^ I' < n, r,r' G 'Zn and s,m ^ 1. Assume that I+ 1' ^ n, 
and let mi = min{m, s} and m 2 = max{m, s}. Let P be the module 

+ ~ ——)('S H— '*'*'2 ^ + I + I' — 1 — 2i,r + r' + i)) 

® ^2 + I' — 1 + 2i,r + r' — i)). 


(1) If m + s is even, then 

VL-'^V{l,r)®n-^V{V,r') ^ 


0 Z' - 1 - 2i, r 0 r' 0 i)) 

3P{1 + V — 1 — 2i,r + r' + i)) ® P 


tlr 


and 

= (®-”Jf^""™H(Z0Z'-l-2i,r0r'0i)) 

®(®iii'~^"^i (”^2 0 l)P{n + I + I' - 1 - 2i,r + r' +i)) ® P. 
(2) If m + s is odd, then 


Cl-^V{1, r) 0 n-W{r, r’) ^ 0 Z' - 1 - 2i, r 0 r' 0 i)) 

®(®-ill;,“^TOsP(n 0 Z 0 Z' — 1 — 2j, r 0 r' 0 z)) 0 P 

and 

n-^V{l, r) 0 (Z', r') ^ (0-lJf^®“'"l^(Z 0 Z' - 1 - 2Z, r 0 r' 0 z)) 

®(®-IJtoi (to 2 0 1)P(Z 0 Z' — 1 — 2z, r 0 r' 0 z)) 0 P. 


Proof. Applying the duality (—)* to the isomorphisms in ProDOsition l5.21 the corol¬ 
lary follows from Lemma [Hill □ 


Proposition 5.4. Let 1 ^ I ^ I' < n, r,r' G Z„, m ^ 0 and s ^ 1. Assume that 
t = Z 0 Z' — (rz 0 1) ^ 0, and let mi = min{m, s} and m 2 = max{m, s}. Let 

P = (®!=c(t)("i + 0 Z' - 1 - 2z, r 0 P 0 i)) 

®(®c(/-i-/'-i)!ji^i'-i{w + -——)(s 0 ^~*~^2 0 Z 0 Z' — 1 — 2z,r 0 r' 0 z)). 

(1) Ifm + s is even, then 


H'"1/(Z, r) 0 H«1/(Z', r') ^ (Z 0 Z' - 1 - 2i, r 0 P 0 i)) 

®(® •“(_,_iTOsP(Z 0 Z' - 1 - 2z, r 0 P 0 z)) 0 P 

H™H(Z,r) 0H-®H(Z',P) 

= (®tt+i^'"“"^(^ 0 Z' - 1 - 2i, r 0 P 0 z)) 

® (®r=i^^i (”^2 0 l)P(n 0 Z 0 Z' - 1 - 2z, r 0 P 0 z)) 0 P. 












TENSOR PRODUCTS OF MODULES OVER DRINFELD DOUBLES OF TAFT ALGEBRAS 27 


(2) If m + s is odd, then 

n^V{l, r) ® r') ^ + 1' -I-2i,r + r' + i)) 

®{®^I^msP{n + I + V - 1 - 2i,r + r' + i)) ® P 

and 

= + /' - 1 - 27, r + r' + i)) 

®(®tt+i’^i(™2 + + /' - 1 - 27,r + r' + i)) © P. 


Proof. It is similar to Proposition [521 where we use Proposition 13.71 for m = 0. □ 


Corollary 5.5. Let 1 ^ I ^ I' < n, r,r' G Zn cind s,m ^ 1. Assume that 
t = I + I' — {n + 1) ^ 0, and let mi = min{m, s} and m 2 = max{m, s}. Let 


P = (®!= c ( 7 ) ("1 + + ^-^^)P{1 + 1' -l-2i,r + r' + i)) 

H- —){s H —'*'*'2 ^ )P{'^ + I + I' — I — 2i,r + r' + i)). 


^c(Z+Z' —— i V" I 2 

(1) Ifm + s is even, then 


n-'^v{i,r)<s>n-w{V,r') ^ 


+ Z' - 1 - 2i, r + r' + i)) 
®(® iTOsP(; + r - 1 - 2z, r + r' + *)) © P 


and 

= (®i=t+i^®“'"^(^ + Z' - 1 - 2i, r + r' + 7)) 

®(®"®,}mi(TO 2 + l)P(n + / + /' - 1 - 27,r + r' + 7 )) © P. 

(3) If m + s is odd, then 


n-^V{l, r) ® r') ^ + l' -l-2i,r + r’ + i)) 

®{®i~i}msP{n + I + I' - 1 - 2i,r + r' + i)) ® P 


= + 1' -l-2i,r + r' + i)) 

®(®i=t+i’^i (”^2 + ^)P{1 + I' - 1 - 2i, r + r' + i)) ® P. 


Proof. Applying the duality (—)* to the isomorphisms in Proposition l5.41 the corol¬ 
lary follows from Lemmas 13.121 □ 

5.2. Tensor product of a string module with a band module. 

In this subsection, we determine the tensor product M = Vl'^V{l,r) © Ms{l',r',r]) 
of a string module with a band module. Using the same method as in the last 
subsection (replacing ,r') by Ms{l',r',r]) there), we can determine M. 

Proposition 5.6. Let 1 ^ I ^ I' < n, r,r' G Z„, 77 G P^(k), s ^ 1 and m ^ 0. 
Assume that I + I' ^ n. 
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(1) If m is odd, then 

(Z, r) (g) Ms{l', r', rf) 

— + I + V - I - 2i,r + r' + i, -m’'' 

®(®i=oWS-P(^ + I' - I - 2i,r + r' + i)) 

©(©c(i+z'-i)^i<;i'-i(w + l)sP{n + I + I' — 1 — 2i,r + r' + i)) 
©(®i<i^c(n-;-z')(”^ + I)sP{l + I' — 1 + 2i,r + r' — i)). 

( 2 ) If m is even, then 

= + V-l-2i,r + r' + i, ^g 2 z-i+i (W'-i- 2 »), )) 

®(© + I + V — I — 2i,r r' i)) 

®{®c(i+i'-I'msPin + I + V - I - 2i,r + r' + i)) 
®{®iiii^c(n-i-i')'msP{l + 1' - I+ 2i,r + r' - i)). 

Proof. It is enough to show the proposition for r = r' = 0. We prove it by the 
induction on m. For m = 0, it follows from Theorem 13. 161 Now let m > 0. 

We only consider the case that m is odd since the proof is similar when m is even. 
In this case, to — I is even, and hence there is an exact sequence 

0 ^ 0) ® 0, 77 ) ^ mPif, 0) © M«(F, 0, rf) 

0 ) © 0 , 77 ) ^ 0 . 

By the induction hypothesis, we have 

- + F - 1 - 27, 7 , ^^2^-i+l (W'-l-20, ^^ 

®(®iiz' ^ {'ITT' — I)sF’(77 + ^ — I — 2z,7)) 

®(©c(/+/'-iXz^i'-i(''H. — I)sP(n + I + I' — 1 — 2i,i)) 
®(©l^i<c(n-i-i')(’T^ “ l)sP(/ + Z' — I + 27, — 7 )). 

Note that ©■ij/~^sP(77 + Z + Z' — 1 — 2?, 7 ) is a projective cover of + I' — 

I — 2i, i, 7717 ^^"^+^ 

+ Z' - I - 27,7, ^g 2 »- 7 +l (W'-l- 2 q, ^^ 

= + 1 + 1' -l-2i,i, 

Hence by Proposition |43 we have 
mP{l, 0) © Ms{l', 0, 77 ) = (©i=J?T^sP(Z + Z' — I — 27, 7 )) 

®(® •l|l;,“^TOsP(77 + Z + Z' — 1 — 27, 7 )) 
®(©c(/+/'-l)^i^i'-l2TOsP(7T, + Z + Z' — I — 27, 7 )) 
®(©l^i<c(n-i-i')2TOsP(Z + Z' — I + 2z, — 7 )) 

^ P(r!”^-iy(Z,0)®M«(Z',0,77)) 

+ Z' — 1 — 27, 7 )) 

®(©c(/+/'-i)^i</'-i(™ + l)sP(n + Z + Z' — I — 27, 7 )) 
®(©l^i<c(Ti-i-i')(’77 + I)sP(Z + Z' — 1 + 27, — 7 )). 
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Then it follows from Lemma [5.11 that 

n^V{l, 0) (g) 0,7?) ^ + 1 + 1'-I 

®(®i=JwsP(l + 1' -I-2i, i)) 

®(®c(z+Z'-i)^i^i'-i('Ri + i)sP(n + I + I' — 1 — 2i, i)) 
®(®l<i^c(n-i-i') + ^)sPil + I' — 1 + 2i, —i)), 

as desired. This completes the proof. □ 

Corollary 5.7. Let 1 ^ I ^ I' < n, r,r' € rj G P^(fc) and s,m ^ 1. Assume 
that I + I' ^ n. 

(1) If m is odd, then 

® Ms{l',r',r]) 

— Ms{n + I + I' - 1 - 2i,r + r' + i, -rjq^' 

(B{(B^it\,~^msP{n + I + I' — 1 — 2i, r + r' + i)) 

®(®c(i+i'-i)^i^r-i(Ln + l)sP(n + I + I' — 1 — 2i,r + r' + i)) 
®(®i<z^c(n-;-Z')(^ + l)sP(l + r — 1 + 27, r + r' — z)). 

(2) If m is even, then 

+l-mv{i^ r) ® Ms{l', r', rf) 

= + V-l-2i,r + r' + i, ^g2z-i+i (W'-i-2»), )) 

®(® ■I|!)TOsP(; + r - 1 - 2 z, r + P + z)) 

®(®c(/+/'-i)<i^P-i”^'SP(n + ^ + r — 1 — 2z, r + P + z)) 
®(®l^i<c(n-i-/')”^®-^(^ + — 1 + 2z, r + P — z)). 


Proof. It is enough to show the corollary for r = r' = 0. Since 1 ^ I ^ I' < n and 
I + I' ^ n, we have — I'<n and I + n — I' ^ n. 

(1) Assume that m is odd. Then by Proposition 15.61 we have 

n'^Vil, M,{n - I', 1, - 77 /) 

= (®';rf-'^^3(277 + z - r - 1 - 2 z, 2 - Z + z, 

®(®i=o"^s-P(^ + rz - - 1 - 2z, 2 - ; + z)) 

®(®c(i+n-i'-lXz^r!,-P-l(Ln + l)sP(27Z + ^ — 1 — 2z, 2 — ^ + z)) 

®(®is;i^c(Z'-i) (w + l)sP(/ + 7 Z — 1' — 1 + 2z, 2 — 1 — z)). 

Then applying the duality (—)* to the above isomorphism and using Lemmas 13.121 
and 1 3.131 a tedious but standard computation shows that 

n-"'vii,o)0Ms{i',o,v) 

= + 1 + 1' -l-2i,i, -Vd‘' 

®(® ■i;P^77ZsP(7Z + Z + /' — 1 — 2z, z)) 

®(®c(J+/'-lXi^P-l(’7Z + l)sP(77 + Z + Z' — 1 — 2z, z)) 
®(®l^i<c(n-i-Z')(”^ A l)sP(Z + Z' — 1 + 2z, —z)). 


(2) It is similar to Part (1). 


□ 
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Proposition 5.8. Let 2 ^ I ^ V < n, r,r' G In, V G P^(/c), s ^ 1 and m ^ 0. 
Assume that t = Z + Z' — (n + 1) 0. 

(1) If m is odd, then 

(Z, r) ® Ms{l', r', rj) 

= {®7=uMs{n + 1 + 1' -l-2i,r + r' + i, -rjq^' )) 

©(©■Ij_i_imsP(Z + Z' — 1 — 2i, r + r' + i)) 

©(©■^c(t)TOsP(Z + Z' - 1 - 2i, r + r' + i)) 

®(®c(i+z'-i)^is;i'-i(’T^ + l)sP(n + Z + Z' — 1 — 2Z, r + r' + i)) 

(2) If m is even, then 

n"'V{l,r)^ Ms{l',r',r]) 

= + 1'-l-2z,r + r' + t, (W'-i-2.), 

®{+'l~i}msP{n + I + I' — 1 — 2i, r + r' + i)) 

®(®Lc(t) + ^)sP{l + I' - 1 - 2i, r + r' + i)) 

®(®c(/+/'-i)^i^i'-i”^'SP(n + Z + Z' — 1 — 2i, r + r' + i)). 


Proof. It is similar to Proposition 15.61 where we use Theorem 13.171 for m = 0. □ 

Corollary 5.9. Let 1 +, I' < I < n, r,r' G rj G P^(fc) and s,m 1. Assume 
that Z + Z' ^ n. 

(1) If m is odd, then 

Ll-'^V(l,r)®MS',r',r]) 

= + 1 + 1' -I-2i,r + r' + i, -r]q^’ )) 

®(®ii/ ~^msP{n + I + I' — 1 — 2i,r + r' + i)) 

-i)msP{n + I + I' - 1 - 2i,r + r' + i)) 
©(®i^i<c(n-i-/')(^ ® l)sP(Z + Z' — 1 + 2i, r + r' — i)). 


(2) If m is even, then 

n-™i/(Z, r) ©Ms{Z',r', 77) 

= i®'i=oM,{l + 1' -l-2i,r + r' + 1 , 

®(® ■To^msP(Z + Z' - 1 - 2z, r + r' + i)) 
®(®i=c(i+i'-i)(”^ + l)sP(n + Z + Z' - 1 - 27,r + r' + i)) 
®{®i^i^c{n-i-i')msP{l + 1' -l + 2i,r + r' -i)). 


Proof. It is similar to Corollary 15.71 bv using the duality (—)*, Lemmas 13 .1 2113 .1 3l 
and Proposition 15.81 □ 

Proposition 5.10. Let 1 ^ I' < I < n, r,r' G Z„, rj G s ^ 1 and m ^ 0. 

Assume that I + I' ^ n. 
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(1) If m is odd, then 

— (®ii; + I + I' - 1 - 2i,r + r' + i, -rjq^' 

®{®\=o'msP{l + I' — 1 — 2i,r + r' + i)) 

+ Z + Z' - 1 - 2i, r + r' + z)) 
®(®i^i<c(n-i-p)(™ + I)sP{l + I' — 1 + 2i,r + r' — i)). 

(2) If m is even, then 

= (®t“o^M«(Z + Z' - 1 - 2i, r + r' + z, ^g2»-;+i (W'-i-2^), )) 

®(®iil ~^msP{n + I + V — I — 2i,r + r' + i)) 
®(®i=i(z+z'-i)(’^ + ^)sP{n + I + V - I - 2i,r + r' + i)) 
®{®i^i^c{n-i-i')'m'SP{l + V — 1 + 2i, r + r' — i)). 


Proof. It is similar to Proposition 15.61 where we use Theorem 13. 161 for m = 0. □ 

Corollary 5.11. Let 2 ^ I ^ I' < n, r,r' G rj G P^(A:) and s,m ^ 1. Assume 
that t = I + V — {n + 1) ^ 0. 

(1) If m is odd, then 

fl-my (g) Mg{l', r', rj) 

- i®7=vMs{n + I + I' - 1 - 2i,r + r' + i, -rjq’-' )) 

®(®"T';,^r7zsP(n + Z + Z' — 1 — 2z, r + r' + z)) 

®(®i=c(t)”^^^(^ + Z' - 1 - 2z, r + r' + z)) 

®(®c(i+i'-i)^i</'-i (w + l)sP{n + Z + Z' — 1 — 2z, r + r' + z)). 

(2) If m is even, then 

Vt~^V{l,r) ® Ms{l',r',ri) 

= + 1' -l-2i,r + r' + i, ^g 2 z-i+i (W'-i-2»), 

®(® ■Ii_i_iTOsP(Z + Z' - 1 - 2z, r + r' + z)) 

®(®Lc(t)("* + ^)sP{l + I' - 1 - 2i,r + r' + i)) 
®(®c(/+/'-i)^i^i'-i"zsP(n + Z + Z' - 1 - 2z, r + r' + z)). 


Proof. It is similar to Corollary 15.71 bv using the duality (—)*, Lemmas 13.12113.131 
and Proposition EUni D 

Proposition 5.12. Let 2 ^ V < I < n, r,r' G Z„, zy G P^(fc), s ^ 1 and m ^ 0. 
Assume that t = Z + Z' — (rz + 1) ^ 0. 

(1) If m is odd, then 

n”^V{l,r)®Mg{l',r',r]) 

- i®7=l^sin + I + V - 1 - 2i,r + r' + i, -m’'' 

®(®iJ't+imsP(Z + Z' - 1 - 2z, r + r' + z)) 

®(®i=c(t)”^'®^(^ + Z' - 1 - 2z, r + r' + z)) 

®(®i=c(i+i'-i)”^^^(’^ + Z + Z' - 1 - 2z, r + r' + z)). 












32 


HUI-XIANG CHEN, HASSEN SULEMAN ESMAEL MOHAMMED, AND HUA SUN 


(2) If m is even, then 

= + l'-l-2t,r + r' + i, ^g 2 ^-i+i (W'-i- 2 .), 

©(©"J'/TOsP(n + I + V — 1 — 2i,r + r' + i)) 

®(®Lc(i)(^ + ^)sP{l + I' - 1 - 2i,r + r' + i)) 

®(®i=c(/+/'-i)(’^ + l)sP(n + ; + I' - 1 - 2i,r + r' + i)). 

Proof. It is similar to Proposition 15.61 where we use Theorem 13.171 for m = 0. □ 

Corollary 5.13. Let 2 ^ V < I < n, r,r' G 77 G P^(A:) and s,m 1. Assume 
that t = I + V — {n + 1) ^ 0. 

(1) If m is odd, then 

= (©"®/M«(n + 1 + 1'-l-2i,r + r' Pi, 

®(®"©'/TOsP(n + I + V — I — 2i,r + r' + i)) 

®(®i=c(t)”^^^(^ + Z' - 1 - 27, r + r' + i)) 

®(®i=c(i+i'-r)”^'^^(” + ^ + ^' - 1 - 27, r + r' + i)). 

(2) If m is even, then 

fl~^V{l,r) © Ms{l',r',ri) 

= + 1' -l-2i,r + r' + i, ^g 2 z-i+r (W'-i- 20 . )) 

®(®i®t+i™s-P(^ + Z' - 1 - 27, r + P + 7 )) 

®(®Lc(t)(”^ + l)sP(Z + Z' - 1 - 27, r + P + 7 )) 

®(®i=c(j+/'-r)(’^ + ^)sPin + l + I' - 1 - 2i,r + r' + 7 )). 

Proof. It is similar to Corollary 15.71 bv using the duality (—)*, Lemmas 13 .1 2113 . 1^ 
and Proposition 15. 1 21 □ 

5.3. Tensor product of two band modules. 

In this subsection, we investigate the tensor product M = Mm{l, r, a) © Ms{l', r', 77 ) 
of two band modules. By m, any non-projective indecomposable summand of 
M must be a band module. The module on an example with 777 = s = 1 is 
displayed in [T3] for the special case n = d = 6. We will determine M for two cases 
aq^~’‘ {V)q ^ r]d^~^{l)q and aq^~^ [l')q = r]q^~\l)q, respectively. 

In the case of aq^~^ {l')q 7 ^ qq^~\l)q, we show that M is projective, and determine 
the decomposition of M by the inductions on 777 + s and Z + Z'. We first determine 
M for Z = Z' = I by the induction on 777 + s. Here we use the last exact sequence in 
Section!^ Then tensoring by V{2, 0), we determine M by the induction on Z + V. 

In the case of aq^~^ {l')q — riq^~\l)q, we first determine M for Z + Z' ^ 77 by the 
induction on Z + Z'. For Z = Z' = I, we use the exact sequence 

0 Mm(l,r, 77 ) © Ms(I,P, 77 ) -)> © Ms(I,P, 77 ) 

A y(77 — l,r + 1) ® Ms(1,P,77) —^ 0, 
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where V = V{l,r) for m being odd, and V = V{n — l,r + 1) for m being even. The 
decompositions of the middle and right terms are known. We show that the non- 
projective summand of the middle term is contained in the kernel of /, which gives 
rise to the decomposition of the left term by Lemma l5.ll For the induction step, we 
use tensoring with V (2,0). Finally, applying the duality (—)* to the decomposition 
of M for Z + Z' < n, one gets the decomposition of M for I + 1' ^ n. 

Now we first consider the case of aq^~’‘ {l')q ^ r]q^~\l)q. 

Lemma 5.14. Let rj G P^(Zi:) and M G M. Assume that M fits into an exact 
sequence 

0 Mi(l, 0, 77 ) —>■ M —)> Mi{n — 1,1, —rjq) -G 0. 

Then M = Mi(l, 0, 77 ) © Mi{n — 1,1, —riq) or M = P(l, 0). 

Proof. From the exact sequence 0 Mi(l, 0, rj) —>• P(l, 0) —>■ Mi(n — 1,1, —rjq) 

0 , one gets a long exact sequence 

0 -)> Hom//^(i_g)(Mi(n - 1 , 1 , - 779 ), Mi(l, 0 , 77 )) 

^ Hom//^(i,,)(P(l, 0 ),Mi(l, 0 , 77 )) ^ Hom//„(i,,)(Mi(l, 0 , 77 ), Mi(l, 0 , 77 )) 
Ext]:^^(i_^)(Mi(r 7 - 1,1, -r]q), Mfil, 0, 77 )) 0. 

A straightforward verification shows that Hom//^(i_q)(Mi( 7 r—1,1, — 775 ), Mi(l, 0, 77 )), 
Hom/^„(i^,)(P(l, 0 ), Mi(l, 0 , 77 )) and Hom//„(i_q) (Mi(l, 0 , 77 ), Mi(l, 0 , 77 )) are all one 
dimensional over k. Hence Ext)^^(i_,j)(Mi (77 — 1,1, —rjq), Mfil, 0, 77 )) = k. It follows 
that M = Mi(l, 0, 77 ) © Mi{n — 1, i, —rjq) or M = P(l, 0). □ 

Lemma 5.15. Let r,r' G Z„, oi,rj G P^(/c) and s,mfil. Assume a fi^rj. Then 

a) © Ms(l,r',77) = ©^i"^777.sP(27 - 1, r + r' - 7 + 1). 

Proof. It is enough to show the lemma for r = r' = 0. We prove it by the 
induction on m + s. We first assume that m + s = 2. Then m = s = 1. 
Let M = Mi(l,0, a) © Mi(l, 0 , 77 ). Applying Mi(l,0, a)© to the exact sequence 
0 —F(1,0) —)• Mi( 1 , 0 , 77 ) — V{n — 1,1) —0, one gets another exact sequence 
0 — Mi{l, 0, a) ©F(l, 0) —>• M — 5 > Mi{l, 0,a)®V{n— 1,1) —5> 0. By Theorem l3.161 
we have 

Mi(l,0,a)©F(77-l,l) 

^ Mi{n - 1,1, -aq)) © (©”7j|„_i)P(27r - 1 - 2*, i + 1)) 

^ Mi(n - 1 , 1 , -aq) © (©■i”2^P(27 - 1,1 - i)). 

By Mi(l,0,a) © F(1,0) = Mi(l,0, a), it follows that there exist two submodules 
Ml and M 2 of M with M = Mi © M 2 such that M 2 = ©il,^^P(27 — 1,1 — 7 ) and 
Ml fits an exact sequence 

0 —>■ Mi{l, 0, a) Ml Mi{n — 1,1, —aq) 0. 

Then by Lemma 15.141 Mi = Mi(l, 0, a) © Mi{n — 1,1, —aq) or Mi = P(l, 0). 
Since Mi(l, 0, a) © Mi(l, 0, 77 ) = Mi(l, 0, 77 ) © Mi(l, 0, a), a similar argument as 
above shows that M = A^i © A^ 2 , where A^i and IV 2 are submodules of M, N 2 = 
(B^^Jp(2i — l, 1 — 7 ), and A^i = Mi(l, 0, Tj)(BMi(n—l, 1, -rjq) or 7Vi = P(l, 0). Since 
M = Ml®M 2 = Ni®N 2 and M 2 = N 2 , it follows from Krull-Schmidt Theorem that 
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Ml = Ni. However, Mi(l, 0, a)©Mi(n—1,1, —aq) ^ Mi(l, 0, ? 7 )©Mi(n—1,1, —riq) 
by a 7 ^ 77 . Therefore, Mi = = P(l, 0). Thus, we have Mi(l, 0, a)©Mi(l, 0, 77 ) = 

Now assume that m + s > 2. We may assume that m ^ 2 without losing the 
generality. Then there is an exact sequence 

0 Mm-i(l, 0 , a) © Ms(l, 0 , 77 ) Mm(l, 0 , a) © Ms(l, 0 , 77 ) 

—> Mi(l, 0, a) © Ms(l, 0, 77 ) —>■ 0. 

By the induction hypothesis, Mi(l, 0, a)©Ms(l, 0, 77 ) is projective, and so the above 
exact sequence is split. Again by the induction hypothesis, we have 

Mm(l, 0 , a) © Ms(l, 0 , 77 ) 

= Mm-i(l,0,a) ©Ms( 1,0,77) ©Mi(l,0,a) ©Ms(l,0,77) 

= (®i=i^(w - l)sP{2i - 1,1 - i)) © {®f"}sP{2i - 1,1 - i)) 

— ®i^imsP(2i — 1,1 — i). 

This completes the proof. □ 

Proposition 5.16. Let 1 ^ I ^ I' < n, r,r' G a,r] G P^(fc) and s,m ^ 1. 
Assume that a ^ rj. Then 

aq^~\l)q) © Ms{l',r',T]q^-'-'{l')g) 

— '’msP{l' — I — 1 + 2i, r + r' + I — i)) 
®{®c(i+i'-i)^i^i'-imsP{n + 1 + 1' -l-2i,r + r' + i)). 

Proof. It is enough to show the proposition for r = r' = 0. We prove it by the 
induction on I + I'. For I + I' = 2, it follows from Lemma [5.151 Now let I +1' > 2. 

We only consider the case oi I < I' since the proof is similar for 1 = 1'. In this case, 
V — 1. By the induction hypothesis, we have 

Mm{l, 0, aq^-\l)g) © MS' - 1,0,77772-''(F - 1),) © B(2,0) 

= (® ■i”i+'"'''^^^msP(Z' -l-2 + 2i,l-i)® V{2, 0)) 

©(©c(i+i'-2)^i^;'-2™'S®’(''T' + ^ — 2 — 2*, i) © B(2,0)). 

If r = 2, then 1 = 1. Hence by Lemma [3.111 and Theorem 13.171 we have 

Mm(l, 0 ,a) ©Ms(1,0,77) © B( 2 , 0 ) 

= Mm(l,0,a) ©Ms(2, 0 , 779 - 1 ( 2 ),) ©sMm(l,0,a) ©F(n,l) 

= Mjnil, 0,a) © Ms{2, 0 , 779 - 1 ( 2 ),) © (©°i"“^^7nsP(27,1 - 7 )) © msV{n, 1). 

In this case, using Proposition 13.11 Theorems 13.31 and 13.51 a straightforward com¬ 
putation (for n to be even and odd, respectively) shows that 

®=Wp(27 _ 1,1 _ 7) 0 t/( 2 , 0 ) ^ (©"i’;-^^ 2 P( 2 i, 1 - i)) © 2^(77, 1 ). 

Thus, it follows from Krull-Schmidt Theorem that 

Mm(l, 0, a) © Ms(2,0, 779 - 1 ( 2 ),) = {®ffff~^^msP{2i, 1 - 1)) © msV{n, 1), 
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as desired. It I' > 2 and I ^ I' — 2, then by Lemma [3.151 tor Theorem l3.16l) and the 
induction hypothesis, we have 

Mm{l, 0 , aq^-^{l),) (g) MS' - 1 , 0 , - l)g) ® V^( 2 , 0 ) 

= MS^,Q,aq^~\l)q) Ms{l',0,r]q^~'''{l')q) 

®MSl, 0 , aq^-‘{l)q) ® MS' - 2 , 1 , _ 2 ),) 

^ MSl,0,aq^-‘{l),) MS'(.n,) 

©(©ii”+'“''+^^msP(r -l-3 + 2i,l + l-i)) 

®{'S)c{i+i'-i'lTT'SPS + I + I' — 3 — 2i, 1 + i)) 

^ MSl,0.aq^-‘ilS Msil'in,) 

®i®fno^^~^'^msPil' -l-l + 2ij-i)) 

®i(Bc{i+i'- 2 '>tT'SP{ n + I + I' — 1 — 2i, i)). 

On the other hand, by Proposition 13.11 Theorems 13.31 and 13.51 one can check that 

-l-2 + 2iJ-i)(S) P( 2 , 0 )) 

®(®c(i+i'-2)^is;u-2^’(^ + ^ — 2 — 2z, i) ® ld(2,0)) 

= i®fn^^~^'^Pil'+ 

(Bi(Bfn+'~‘''> PS-l-l + 2t,l-i)) 

®i®i=c(i+i'-i)^n + I + l' — t — 2i, i)) 

®(®c(i+i'-i)^i</'- 2 -f’(^ + ^ — 1 — 2 i, i)). 

Hence it follows from Krull-Schmidt Theorem that 

MSI, 0, aq^~\l)q) ® Ms{l', 0, ■qq^~'‘' S),) 

— i®i=i^’^ * ^msP{l' — I — 1 + 2i,l — i)) 

®i®inc{i+i'+ I + I' - 1 - 2i, i)), 

as desired. If T > 2 and I = I' — 1, then by the induction hypothesis, and Theorems 
13.31 and 13.51 a similar argument as above shows that 

MSl,0,C(q^~’‘il)q) ® MsSS)q) — (®ii”~^^TOsP(2i, Z - i)) ® msV{n,l). 

This completes the proof. □ 

Corollary 5.17. Let 1 I ^ I' < n, r,r' G Z„, a,T] G P^(A:) and s,m^ 1. Assume 
that aq^~^ {V)q ^ riq^~\l)q. Then 

MSl,r,a) ® Ms(Z',r',? 7 ) 

— (®ii”i~* '^‘^msP{l' — I — 1 + 2i, r + r' + I — i)) 

®(®c(i+;'-i)^i<;'-i™sP(n + ^ + Z' — 1 — 2 z,r + r' + i)). 

Proof. It follows from Proposition l5.161 □ 


Now we investigate Mmil,r,a) ® Ms(Z',r',7y) for aq^~'‘ (Z')g = iqq^~^il)q. We only 
need to consider the case m ^ s since Mm(Z,r, a) ® Msil',r',r]) = Ms{l',r',ri) ® 
MSl,r,a). 
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Lemma 5.18. Let M he an indecomposable module with rl(M) = 2. 

(1) If M is of (s + l,s)-type, then M contains no submodules of {i + l,i)-type 
for any s > i ^ 1, and consequently, M contains no proper submodule N with 
l{N/sociN))>liN). 

(2) If M is of {s,s)-type, then M contains no submodules of (i + \,i)-type, and 
consequently, M contains no submodule N with l{N/soc{N)) > 1{N). 

Proof. It follows from [SI Lemma 4.3] and [T] Proposition 3.3]. It also can be shown 
by an argument similar to the proof of ( 6 ] Lemma 4.3]. □ 

Lemma 5.19. Let s ^ 1 and M he an indecomposable module of {s, s)-type. Then 
M can be embedded into an indecomposable module of {s + 1, s)-type. 

Proof. It is similar to [HI Lemma 3.28] by using Lemma [5. 181 □ 

Lemma 5.20. Let r, r' € r; G P^(fc) and s ^ I. Then Ms{l,r,r]) Ms{l,r',r]) 
contains a submodule isomorphic to Ms(n — 1 , r + r' + 1 , —rjq). 


Proof. By Lemma 13.81 it is enough to show the lemma for r = r' = 0. Assume that 
f] € k and let M = Ms(l, 0 ,? 7 ) 0 Ms(I,0, 77 ). By Lemma [3.101 there is a standard 
basis {vij |1 < 7 ^ n, 1 < j < s} in Ms{l, 0 , rf) such that 


avij 


dvij 


'Cz+l,j , 

1 ^ z < n. 


0 , 

i = n, 



+ mvn,j, 

i = 1 , 

ai-i{n - l)vi-ij, 

1 < z ^ n — 1 

0 , 


i = n, 


where 1 ^ i ^ n, and Vn,o = 0. Then {vij (g) vi^rn\^ 

s} is a basis of M. For 1 ^ z < n and 1 ^ j ^ s, let Uij G M he defined by 

j n-l 

■“Ij = {-QY X! X! (g> Vn-m,j+l-l 


'^{Vi-1,1 g) Vn,j+l-l - Vn,l g) Vi-ij+i-l) 

1=1 

for 2 ^ i ^ n. Then {uij\l ^ z ^ n, 1 ^ j ^ s} are linearly independent over k. A 
tedious but standard verification shows that N = span{uij|l ^i^n,l^j^s} 
is a submodule of M, and N = Ms{n — 1,1, —pq) by Lemma 13.101 


For 77 = 00 , using Lemma lHT^ one can similarly show that Ms{l, 0, oo)g)Ms(l, 0, 00 ) 
contains a submodule isomorphic to Mg{n— 1,1, 00 ). This completes the proof. □ 


Lemma 5.21. Let r,r' G Z„, rj G and m ^ s ^ 1. Then 

Mm{l,r,ri) ® Ms{l,r',ri) 

= Ms(l,r + r',T]) © Ms{n - l,r + r' + 1 , -pq) 

©(m — l)sP(l, r + r') © (©°i"~^^TOsP(2z + 1, r + r' — z)). 
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Proof. It is enough to show the lemma for r = r' = 0. We only consider the case 
that m is odd since the proof is similar for m being even. 

Assume that m is odd. Then by Lemma 15.191 there is an exact sequence 

0 ^ Mm{l, 0, 7 ?) 0) V{n - 1,1) 0. 

Applying 0, ij) to the above sequence, one gets the following exact sequence 

0 ^ M^{1, 0,7?) ® M,(l, 0,7?) ^ 0) (g) M,(l, 0, rj) 

V{n — 1,1) (8> Mg{l, 0,r]) —>• 0. 

By 13 Theorem 3.10(2)], Mm(l, 0, ij) contains a unique submodule M of (s, s)-type, 
and M = Ms(l, 0, rf). From Lemma r5.20l one knows that M(g)Ms(l, 0, rf) contains a 
submodule isomorphic to Ms{n—\, 1, —r]q). It follows that Mm(l, 0, rj)®Ms{\, 0, rf) 
contains a submodule N isomorphic to Ms{n — 1,1, —rjq). From Proposition 15.61 
(1, 0)®Ms(l, 0, rf) contains submodules M' and P with M' = Ms{n—1, 1, —rjq) 
and P = msP{l,0) © (®)^i"~^^( 77 i + I)sP(27 + I,—*)) such that n’"F(I,0) (g) 
Ms (I, 0, 77 ) = P(S)M'. Since ct is a monomorphism, a{N) = N = Ms{n — 1,1, —rjq), 
and hence soc(cr(Af)) = sF (77 —1,1). However, soc(P) = msF(l, 0) © + 

1)sF(27 + 1, —i)) since soc{P{l,r)) = V{l,r) for all 1 < / ^ tt and r € Z. It follows 
that the sum P+cr(A^) is direct, and so (I, 0)©Ms(l, 0, rfj = P®M' — P®a{N) 
by comparing their lengths. Hence we have the following exact sequence 

0 ^M„(I, 0 , 77 )©Ms(l, 0 , 7 y) ^P©CT(Ar) AF(n-l,I)©Ms(l, 0 , 7 /) ^0. 

Since / is an epimorphism and f{a{N)) = 0, f\p : P —>• F( 7 i — 1,1) © Ms(l, 0, 77 ) is 
an epimorphism. By Theorem 13. 161 we have 



F(77-1,1)©A/s(1, 

0,77) 



= 

Ms{n - 1,1, -rjq) © 


l-2i,ipl)) 


= 

Ms{n - 1,1, -rjq) © 

(©ii”r"^sP(2i+1, 

-^)). 


Note that sP(l 

,0) ^ P(Ms(77- 1,1, 

, —qq)) and PLMs{n 

- 1,1,-w) - 

Ms(l 

Hence we have 





p^p(y{n- 

1,1) © Ms(l,0,77)) © 

(777 -l)sP(l,0)©( 

®ii’l~^^777sP(2i 

! + 1, ■ 

It follows from 

Lemma 15.11 that 




Ker(/|p) 

= Ms( 1,0,77) © (m - 

l)sP(l,0)©(©"iT 

~^^msP{2i + 1, 

-*)), 


and so 


Mm{l, 0, 77 ) © Ms(l, 0, 77 ) Ker(/) = Ker(/|p) © a{N) 

= Ms( 1,0,77) © Ms(n - 1 , 1 ,- 779 ) 

©(777 - l)sP(l, 0) © (©"i”"^^msP(2i + 1, -i)). 


□ 
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Theorem 5.22. Let 1 ^ 1,1' < n, r,r' G Zn, rj G P^(fc) and m ^ s ^ 1. Assume 
that I + I' ^ n, and let li = inin{Z, I'} and I2 = maxjZ, I'}. Then 

Mmil, r, ® Ms{l', r', rjq^-’-'{l')g) 

= + 1'-l-2i,r + r' + 1 , + I'- 1 - 2i)g)) 

^^sin + / + r — 1 — 2i, r -\- r' -\- i, ~?79(2* — I — V l)g)) 
®(®iL’o^(w — l)sP{l + I' — 1 — 2i,r + r' + i)) 

+ I' — 1 + 2i,r + r' — i)) 

®(®c(/+/'-i)<i^i2-i^'5^(’^ + I + I' — ^ — 2i,r + r' + i)). 


Proof. It is enough to show the theorem for r = r' = 0. We prove it by the 
induction on I + I'. For Z + /' = 2, it follows from Lemma 15.211 Now assume that 
I + I' > 2. Here we only consider the case of / = F since the proof are similar for 
the other cases: l<l' —1,1 = I' — l,l> I'+ 1 and I = I' + 1. Suppose 1 = 1'. Then 
I ^ 2. By the induction hypothesis, applying F(2,0)(8) and then using Proposition 
13.11 Theorems 13.3113.51 and 13.161 a tedious but standard computation shows that 

V{2, 0) 0 M^{1 - 1, 0, riq^-^il - 1),) 0 M,il, 0, 

= (®fco(^(2.0) ®M,{2l-2- 2i, i, ?7g2*-2i+3(2Z _ 2 - 2i)g)) 

®(®?iT^^(2, 0)'»Ms{n + 2l-2- 2i, i, -■qq{‘^i -21 + 2)g)) 

®(®l=o(”^ - l)s^(2, 0) ® P(2l -2-2i, i)) 

®(®"i”“^'+^^msF(2, 0) (g) P{21 -2 + 2i, -i)) © msV{2, 0) ® V{n, I - 1) 

= (® ■=o^s( 2 ^ - 1 - 2 i, t, -2i- 1 ),)) 

®{®\-:XMs{21 -l-2i, i, -2i- 1 ),)) 

+ 2l-l-2i, i, -r]q{2i -21 + 1),)) 

®(®i=i+i-^s(^ + 21 — 1 — 2i, i, —Tjqifli — 21 + l)g)) 

®(®i=o("^ - l)sH (21 - 1 - 2i,i)) © (©'^i(m - l)sP (21 - 1 - 2i,i)) 

®(®lsJz^c(r!,- 2 Z)W'SF (21 — 1 + 21 , —i)) 

+{®i^o~^''^msP{2l — 1 + 21, —1)) © msP{n — 1, 1). 

If 1 > 2, then by Theorem 13.161 and the induction hypothesis, we have 

F(2, 0) 1, 0, r,q^-‘il - l)g) © M,il, 0, 

= Mmil, 0, ® Ms{l, 0, r]q^~‘il)g) 

®M^{1 - 2, 1, -qq^-^l - 2)g) © Ms{l, 0, r]q^~‘{l)g) 

= Mm{l, 0, m^~‘{l)q) ® Ms{l, 0, r]q^-‘{l)g) 

®(®'^^M,(21 - 3 - 21,1 + 1, ryg 2 *- 2 i+ 4 ( 2 / _ 3 _ 21 )^)) 

©(©•i7^M^(n + 21 - 3 - 21,1 + 1, - 7717(21 - 21 + 3),)) 

®(®fco(w - l)sP(21 - 3 - 21,1 + 1)) 

®(®fc"i~^^^^^"^'SP(21 — 3 + 21,1 — 1)) © msPiri — 1,1)) 

= Mm{l, 0, m^~‘il)q) ® Ms{l, 0, r]q^~‘{l)g) 

®(®l^^<^- 2 M ,(21 - 1 - 21 , 1,77q2*-2i+2(2Z _ 1 _ 21 ),)) 
©(©z+i^i< 2 i- 2 lbrs(n + 21 - 1 - 21 , 1 , - 77 ( 7(21 - 21 + 1 ),)) 
®(®l^isSi- 2 ( 77 l - l)sP(21 - 1 - 21,1)) 

®(®ii^~^^^” 2 sP (21 — 1 + 21, —1)) © msP(n — 1,1)). 
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If ^ = 2, by Lemma 13.111 and Theorem 13.171 one can similarly show the above 
isomorphism. Hence by Krull-Schmidt Theorem, we have 

Mm{l, 0, r]q^~\l)q) ® Ms{l, 0, r]q^~\l)q) 

= - 1 - 2 *, i, _ 2 * - 1 ),)) 

+ 2l-l-2i, i, -r]q{2i -21 + 1 ),)) 

- l)sP (21 - 1 - 2 i, i)) 

®(®l<i^c(n- 2 i)™'SP( 2 Z — 1 + 2 z, —i)). 

This completes the proof. □ 

Corollary 5.23. Let 1 ^ < n, r, r' G Z„, cx,r] G P^(A:) and m ^ s ^ 1. Assume 

that l + l' ^ n, and let li = min{l, I'} and I 2 = max{l, I'}. Ifaq^~’' {l')q = riq^~\l)q, 
then 

M^{l,r,a) ® Ms{l',r\r]) 

= + 1' -l-2i,r + r' + i, ^g 2 z-i+i (W'-i- 2 »), 

+ 1 + 1' -l-2i,r + r' + i, “W" 

®(®-LV (to - l)sP(Z + /' - 1 - 2 i, r + r' + z)) 

®(®i<i^c(ra-i-i')”^'SP(Z + 1 ' — 1 + 2 z, r + r' — z)) 
®(®c(i+i'-i)^js;z 2 -i™'SP(n + 1 + 1 ' - 1 - 2 z, r + r' + z)). 

Proof. It follows from Theorem l5.22l □ 

Corollary 5.24. Let 1 +: 1,1' < n, r,r' G Z„, 77 G P^(k) and m ^ s ^ 1. Assume 
that t = I + I' — {n + 1) ^ 0. Let li = min{/, /'} and I 2 = max{l, I'}. Then 

Mm{l, r, riq^-\l)q) ® Ms{l', r', 'ijq^-'-'{l')q) 

= + Z' - 1 - 2 i, r + r' + z, r]q^^-‘-^'+^{l + I'- 1 - 2 z),)) 

®(®fcr/ 2 -^s(^ + ? + ?' - 1 - 2 z, r + r' + z, -r]q{2i - I - I' + 1 ),^)) 
®(®'L’t+i(’^ - l)sP(/ + /' - 1 - 2 z,r + r' + z)) 

®(®(^^(()TOsP(; + r - 1 - 2 z, r + r' + z)) 

®(®c(/+/'-i)<i^i 2 -i"»s^(« + ^ - 1 - 2 z, r + r' + z)). 


Proof. It is enough to show the corollary for r = r' = 0. Since 1 1,1' < n and 

l + V > n, l^n — l,n — l'<n and {n — 1) + {n — I') < n. Hence by Theorem 15.221 
we have 

Mm{n - 1, 1 , -m{l)g) ® Ms{n - I', 1 , -'nq{l')q) 

= Mm{n - I, l,riq^+'^{n - l)q) ® l,r]q'^+'‘'{n - l')q) 

= (®r=J'”^^«(2^ -l-V-l-2i,i + 2, r]q^^+^+^'+^{2n -l-V -I- 2i)q)) 

®(®i"n—ij ^Ms(in — I — I' — 1 — 2z, z + 2, — rjq(2i — 2n + I + I' + 1)^)) 
®(®r=o'”H"J - l)sP(2n - ; - r - 1 - 2i, 2 + i)) 

©(© 4 = 1 "^ ~"^TOsP( 2 n — 1 — 1 ' — 1 + 2 z, 2 — z)) 
©(©c(2n-Z-P-l)^i<n-ii-l”^'5'P(3’^ — Z — Z' — 1 — 2 z, 2 + z)). 


Then by applying the duality (—)* to the above isomorphism, the corollary follows 
from Lemmas 13.121 and 13.131 □ 
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Corollary 5.25. Let 1 ^ 1,1' < n, r,r' G Z„, a,r] G P^(/c) and m ^ s ^ 1. 
Assume that t = I V — (n + 1) ^0. Let li = inin{Z,/'} and I 2 = max{Z,Z'}. If 

aq^~^' {l')q = then 

Mm{l,r, a) ® Mg{l',r',vi) 

= + r - 1 - 2 z, r + r' + z, 

©(©”r;^Ms(n + 1 + 1' -I- 2i,r + r' + i,-rjq''' 

©(©iL’t+i(™ “ l)sP{l + I' - 1 - 2i,r + r' + i)) 

©(© ■^^(j)TOsP(/ + r - 1 - 2 i, r + r' + i)) 

®i®c{i+i'-i)^i^h-i'>nsP{n + 1 + 1' -l-2i,r + r' + i)). 

Proof. It follows from Corollary 15.241 □ 
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